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ON MATRIX- VALUED HERGLOTZ FUNCTIONS 



FRITZ GESZTESY AND EDUARD TSEKANOVSKII 



l ' Abstract. We provide a comprehensive analysis of matrix-valued Herglotz 

'^^ ' functions and illustrate their applications in the spectral theory of self-adjoint 

*J^ . Hamiltonian systems including matrix-valued Schrodinger and Dirac-type op- 

erators. Special emphasis is devoted to appropriate matrix-valued extensions 
fi ' of the well-known Aronszajn-Donoghue theory concerning support properties 

^ ' of measures in their Nevanlinna-Riesz-Herglotz representation. In particular, 

^^ , we study a class of linear fractional transformations Mx(^) of a given n X n 

Herglotz matrix M{z) and prove that the minimal support of the absolutely 
continuos part of the measure associated to Ma{z) is invariant under these 
linear fractional transformations. 

Additional applications discussed in detail include self-adjoint finite-rank 

perturbations of self-adjoint operators, self-adjoint extensions of densely de- 

^ ' fined symmetric linear operators (especially, Friedrichs and Krein extensions), 

^^ ' model operators for these two cases, and associated realization theorems for 

C 3 , certain classes of Herglotz matrices. 

o 
o 

Q^^ , 1. Introduction 

The spectral analysis of self-adjoint ordinary differential operators, or more gen- 
erally, that of self-adjoint Hamiltonian systems (including matrix- valued Schrodinger 
and Dirac-type operators), is well-known to be intimately connected with the 
^ I Nevanlinna-Riesz-Herglotz representation of matrix- valued Herglotz functions. The 

^ ■ latter terminology is not uniformly adopted in the literature and postponing its 

somewhat controversial origin to the beginning of Section g, we recall that M{z) is 
said to be a matrix- valued Herglotz function if M : C+ -^ M„(C) is analytic and 
Im(M(2:)) > for z € C+. (Here C+ denotes the open complex upper half-plane, 
M„(C),n€ N the set ofnxn matrices with entries in C, and Re (M) = {M+M*)/2, 
d ' Im(M(z)) — (M — M*)/{2i) the real and imaginary parts of the matrix M). The 

Nevanlinna-Riesz-Herglotz representation of A'I{z) is of the type 



M{z) = C + Dz+ / dn{\){{\ - z)-' - A(l + yy'), (1.1) 

Jr 

where 

C = Re(M(i)), D= lim( — M(ir;))> 0, (1.2) 

jjToo ir] 

and dfl{X) denotes an n x n matrix-valued measure satisfying 

f {c,dfl{\)c)c^{l + \^)-^ <(X)foraUceC" (1.3) 

Jm 
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2 GESZTESY AND TSEKANOVSKII 

(with (•, ■)cn the scalar product in C"). The Stieltjes inversion formula for H then 
reads 

if^({Ai}) + if7({A2}) + r!((Ai,A2)) = 7r-ilim / ' dAIm(A/(A + ze)) (1.4) 

and its absolutely continuous part Qac (w.r.t. Lebesgue measure) is given by 

dnac{X) = 7r-ilm(M(A + ie))dX (1.5) 

(cf. Section gfor a detailed exposition of these facts). Spectral analysis of ordinary 
differential operators (with matrix-valued coefficients) then boils down to an anal- 



ysis of (matrix-valued) measures dfl{X) in the representation (1.1) for M(z). These 
Herglotz matrices are traditionally called Weyl-Titchmarsh M-functions in honor of 
Weyl, who introduced the concept in the special (scalar) Sturm-Liouville case, and 
Titchmarsh, who recognized and first employed its function-theoretic content. Since 
different self-adjoint boundary conditions associated to a given formally symmetric 
(matrix-valued) differential expression r yield self-adjoint realizations of r whose 
corresponding A/-functions are related via certain linear fractional transformations 



(cf. |102|), we study in depth transformations of the type 

M{z) -^ Ma{z) = (^2,1 + ^2,2Af (z))(Ai,i + Ai,2M(z))-\ (1.6) 



where 



^=K^?)i<„.„<2e^: 



''^i<P,Q<^ 



^2n, 



A2n = {Ae Af2„(C) I A*J2nA - J2n}, J2n = ( ^^ ,(" j (1-7) 

(/„ the identity matrix in C"). M^(z), A £ A2n are Herglotz matrices whenever 
M{z) is a Herglotz matrix. Moreover, denoting the measure in the Nevanlinna- 



Riesz-Herglotz representation (1.1) for Ma{z) by dn^(A), we provide a matrix- 
valued extension of the well-known Aronszajn-Donoghue theory relating support 
properties of dftA{X) and (iJ7(A), originally inspired by Sturm-Liouville boundary 
value problems. As one of our principal new results we prove that the minimal 
support of the absolutely continuous part dflA.aciX) of (iJ7^(A) is independent of 
A € A2m which represents the proper generalization of Aronszajn's celebrated 
result Q for Sturm-Liouville operators. 

Concrete applications of our formalism include self-adjoint finite-rank perturba- 
tions of self-adjoint operators and self-adjoint extensions of densely defined symmet- 
ric closed linear operators H with finite deficiency indices especially emphasizing 
Friedrichs and Krein extensions in the special case where H is bounded from be- 
low. Moreover, we describe in detail associated model operators and realization 
theorems for certain classes of Herglotz matrices. These results appear to be of 
independent interest in operator theory. 

Finally we briefly describe the content of each section. In Section || we review 
basic facts on scalar Herglotz functions and their representation theorems. Sec- 
tion reviews the Aronszajn-Donoghue theory concerning support properties of 
dflA{X) in the scalar case and Section ^ describes a variety of applications of the 
scalar formalism. Some of these applications to self-adjoint extensions of symmetric 



operators with deficiency indices (1, 1) (such as Theorem 4.4 (iv) and Theorems fl.q 
and 4.7) appear to be new. Section ra provides the necessary background material 



for matrix-valued Herglotz functions and their representation theorems. Section 
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the principal section of this pap er, is devoted to a detailed study of support prop- 
erties of (iriyi(A) and Theorem |6.6| contains the invariance result of the minimal 
support of dflA,acW with respect to A € A2n- In our final Section we again treat 
applications to self-adjoint finite-rank perturbations and self-adjoint extensions of 
symmetric operators with finite deficiency indices. We pay particular attention to 
Friedrichs and Krein extensions of symmetric operators bounded from below and 
prove a variety of realization theorems for certain classes of Herglotz matrices. To 
the best of our knowledge, most of the applications discussed in Section R are new. 
For the convenience of the reader we collect some examples of scalar Herglotz func- 
tions in Appendix H. Appendix H contains a detailed discussion of Krein's formula, 
relating self-adjoint extensions of a symmetric operator, and its application to linear 
fractional transformations of associated Weyl-Titchmarsh matrices. 

It was our aim to provide a rather comprehensive account on matrix-valued Her- 
glotz functions. We hope the enormous number of applications of this formalism 
to the theory of self-adjoint extensions of symmetric operators, the spectral the- 
ory of ordinary (matrix- valued) differential and difference operators, interpolation 
])roblems, and factorizations of matrix and operator functions 




6Fp 7l2rj5 
144| , P7|-ll50| 




lliq, |120| , |122| |145|] , |146| , i nverse spectral theory 

ll03^1l|, Illl|l"|l7|, ITU-Hi, llll, |39|, 



and completely integrable hierarchies of matrix-valued nonlinear 
evolution equations |l|, ||, [^, ^, ||, ||, |8|, [|ll), [|l|, |ll|, justifies 
this effort. 



2. Basic Facts on Scalar Herglotz Functions 

This section provides a quick review of scalar Herglotz functions and their rep- 
resentation theorems. These results are well-known, in fact, classical by now, and 
we include them for later reference to achieve a certain degree of completeness, and 
partly to fix our notation. 



Definition 2.1. Let C± = {z e C \ Im(z) 
function if m is analytic on C+ and m{C+] 



C 



0}. 



is called a Herglotz 



It is customary to extend m to C_ by reflection, that is, one defines 



m{z) ~ 'rn(z), z G C-. 



(2.1) 

We will adopt this convention in this paper. While ( p.l[ ) defines an analytic function 
on C_, ml in (2.1), in general, does not represent the analytic continuation of 



m 



(cf. Lemma 2.5 for more details in this connection). 



There appears to be considerable disagreeme nt c oncerning the proper name of 

In addition to the presently 



functions satisfying the conditions in Definition 2.1 



used notion of Herglotz functions one can also find the names Pick, Nevanlinna, 
Nevanlinna-Pick, and i?-functions (sometimes depending on the geographical origin 
of authors and occasionally whether the open upper half-plane C+ or the confor- 
mally equivalent open unit disk D is involved) . Following a tradition in mathemat- 
ical physics, we decided to adopt the notion of Herglotz functions in this paper. 

If m(z) and n(z) are Herglotz functions, then m{z) + n{z) and m{n{z)) are also 
Herglotz. Elementary examples of Herglotz functions are 



id, 



dz, c e 



d>0, 



(2.2) 
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Z^ 0<r<l, 
ln(z), 



choosing the obvious branches in (2.3) and (2.4), 
tan(2:), — cot(2;), 



02,1 + 02, 2^: 
01,1 + Oi,2z' 
Ol,l 
02.1 



Ol,2 
02,2 



e M2(C), a*J2a^J2, J2 



with Af„(C) the set of n x n matrices with entries in 

-l/z 



-1 

1 

and hence 



(2.3) 

(2.4) 

(2.5) 
(2.6) 

(2.7) 
(2.8) 



as a special case of (2.6). Equations (2.6) and (2.7) define the group of auto- 
morphisms on C+ (or C_). Finally, we mention a less elementary example, the 
digamma function pi, Ch. 6, 

^(z) = r'(z)/r(z), (2.9) 

with r(z) Euler's gamma function. Further examples are described in detail in 
Appendix ^. 



As a consequence, 



and 



- l/m(z). 


m{- 


-lA), 


ln(m(z)), 






, (.\ - «2,i 


+ 02 


2m(z) 



oi,i + ai,2m{z)' 



(2.10) 
(2.11) 

(2.12) 



with a e Af2(C) satisfying (2.7), are all Herglotz functions whenever m{z) is Her- 
glotz. More generally, and most relevant in the context of spectral theory for linear 
operators, let Hhe a. self-adjoint operator in a (complex, separable) Hilbert space Ti 
with (•, ■)-}i the scalar product on 7i x 7i linear in the second factor. Let {H ~ z)"^, 
z € C\M denote the resolvent of H . Then for all / e 7i, 



(/,(i/-z)-V) 



H 



(2.13) 



is a scalar Herglotz function (it suffices to appeal to the spectral theorem for H and 
apply the functional calculus to [H — z)^^), while {H — z)^^ represents a B{Ti)- 
valued Herglotz function {B{T-i) the set of bounded linear operators mapping Ti to 
itself). 

The fundamental result on Herglotz functions and their representations on Borel 
transforms, in part due to Fatou, Herglotz, Luzin, Nevanlinna, Plessner, Privalov, 
de la Vallee Poussin, Riesz, and others, then reads as follows. 



Theorem 2.2. ([§, Ch. VI, y], |3[, Chs. H, IV, |87[, [^ , Ch. 6, |125|, Chs. II, 
IV, [ |128[ , Ch. 5). Let m{z) he a Herglotz function. Then 

(i). m{z) has finite normal limits m{\ ± iO) = linie^o nn(\ ± is) for a.e. A G K. 
(ii). If m{z) has a zero normal limit on a subset of R having positive Lebesgue 
measure, then m = 0. 
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(ill). There exists a Borel measure uj onM. satisfying 

duj{\){l + \^y^ < oo (2.14) 

such that the Nevanlinna, respectively, Riesz-Herglotz representation 

m{z) =c + dz+ f duj{X){{X - z)-^ - A(l + A^)-!), z £ C+, (2.15) 



^({Ai}) + ^^({A2})+cj((Ai,A2)) = 7r-ilim / dXlm{m{X + ie)) . (2.16) 



c = Re(m{i)), d = lim m(iri) / (irj) > 

'qloo 

holds. 

(iv). Let (Ai, A2) C M, then the Stieltjes inversion formula for lo reads 

i-({Ai}) + ^-. ...... ,-....,..... .. ----. 

(v). The absolutely continuous {ac) part ujac of to with respect to Lehesgue measure 
dX on M is given by 

dujaciX) = 7r"ilm(m(A + iO))dA. (2.17) 

(vi). Any poles and isolated zeros of m are simple and located on the real axis, the 
residues at poles being negative. 

It is quite illustrative to compare the various measures lo for the examples in 
(pT^)-(2.6), ( |2.8| ), and ( pj| ) and hence we provide these details and also a few more 
sophisticated examples in Appendix A. 

Further properties of Herglotz functions are collected in the following theorem. 
We denote by w = tOac + w^ = LOac + ^sc + ^pp the decomposition of uj into its 
absolutely continuous {ac), singularly continuous {sc), pure point {pp), and singular 
(s) parts with respect to Lebesgue measure on M. 



Theorem 2.3 (yj, ||87[, [^J, |l3§). Let m{z) be a Herglotz function with repre- 
sentation (2.15). Then 
ft). 

d = and / duj{X){l + jAj'')"^ < 00 for some s e (0, 2) 



if and only if / drjrj ^ Im{m{ir])) < 00 . (2-18) 

(ii). Let (Ai, A2) C M. r/i > 0. Then there is a constant C(Ai, A2, ?7i) > such that 
77|m(A + M;)| <C(Ai,A2,77i), (A, 77) G [Ai, A2] x (0, 771). (2.19) 

(Hi). 

sup 77 1 771 (177) I < 00 if and only if m{z) — / dcj(A)(A — z)~ 

j;>0 Jr 



and / duj{X) < 00. (2.20) 

In this case, 

duj(X) = sup77|7n.(i77)| = —i lim rjmiirj). (2-21) 

r)>0 vToo 
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(iv). For all A G 



linieRe(m(A + ie)) = 0, 

^({A|) = linieIni(?7t(A + ie)) =^ —i limemiX + ie). 



(2.22) 
(2.23) 



(v). Let L > and suppose < Iin(?Ti(z)) < L for all z G C+. Then d — 0, lu is 
purely absolutely continuous, lu — ujac, and 
duj{X) 



< — ^-^ = TT limIm(TO(A + ie)) < tt L for a.e. A G 
dX eio 



(2.24) 



(vi). Letpe (l,oo), [A3,A4] c (Ai,A2), [Ai,A2] C (A5,A6). // 

sup / dX\lm{m{X + ie))\P <oo, (2.25) 

0<e<l JAi 

then u] — LOac is purely absolutely continuous on (Ai,A2), -jr^ G LP((Ai, A2); dA), 



lim|l7r ^lvi\{m{- ^ ie)) 



duJn. 



dX 



\Lp((\3M);d\) 



0. 



(2.26) 



Conversely, if oj is purely absolutely continuous on (AsjAg), and if -^j^ G 

LP{.{.K,K);dX), then ( |I25| ) holds. 

(vii). Let (Ai,A2) C M. Then a local version of Wiener's theorem reads for p G 

(1,00), 

limeP-i / 'dA|Ini(TO(A + ie))|P 



n\)^ip ^)nmA,})P+l ({A,})P+ ^ u:{{X}Y 



T(p) \2"'''^" 2 , ^ 

Moreover, for Q < p < 1, 

lim / ^ dX\TT-HiTL{m{X + ie))\P ^ f \x 
si^o JAi J\i 



dujaciX) 



dX 



(2.27) 



(2.28) 



It should be stressed that Theorems p.2| and |2.3| record only the tip of an iceberg 
of results in this area. In addition to the references already mentioned, the reader 
will find a grea t de al of interesting resul ts, for instance, in |1^, [^, Q, |4l), Q, 
H, §§-@, lm|, Ch. Ill, |12|, |136| 



Together with m{z), ln(77T,(2)) is a Herglotz function by (2.11). Moreover, since 

< Im(ln(m(z)) = arg(m(z)) < tt, z G C+, (2.29) 

the measure u5 in the representation ( 2.15D of ln(TO(z)), that is, in the exponential 
representation of to(z), is purely absolutely continuous by Theorem ^ . 3| (v) , da}(A) = 
S_{X)dX for some < ^ < 1. These exponential representations have been studied in 
detail by Aronszajn and Donoghue |0|, |l2| and we record a few of their properties 
below. 

Theorem 2.4 (Il^l, p^). Suppose m{z) is a Herglotz function with representation 

( pT5| ). Then 

(i). There exists a ^ G L°°(R), < ^ < 1 a.e., such that 



ln(m(z)) = k+ dX({X){{X - z)-^ - A(l + X^)-^), z G 



(2.30) 



where 
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k — Re(ln(m(i))), 



^(A) = TT^i limIni(ln(m(A + ie))) a.e. (2.31) 



(n). Let £1,(2 eN and d^O in (|1|). The 



poc 

dXC{X)\Xf'{l + X^y^+ / dX({X)\Xf^l + X^y^ < 00 if and only if 
-00 Jo 

/"OO 

duj{X)\Xf'il + X^)-'+ / duj{X)\Xf'{l + X^)-^ <oo 
-00 Jo 

and lim m{z) = c- I du{X)X{l + X^)-'^ >0. (2.32) 

^(A) = for X < if and only if 

d — 0, [0,co) is a support for Lo (i.e., uj{{— CO, 0)) = 0), (2.33) 

/"OO 

dcj(l + A)"^ < 00, andc> / (iw(A)A(l + A^)"^ 
/o Jo 

/n f/iis case 

/>oo 

limm(A)=c-/ dtj(A')A'(l + A'^)"^ (2.34) 

AJ.-OO Jq 



0/ duj{X)X{l + X^)-^ifandonlyif dAC(A)(l + A)"^ < 00. (2.35) 



Ciw/ Lei (Ai,A2) C M arid suppose < ^ < ^(A) < B < I for a.e. X e (Ai,A2) 
with [B — A) < 1. T/ien uj is purely absolutely continuous in (Ai,A2) and ^ G 
-^''((A3,A4);rfA) /or [A3, A4] C (Ai,A2) and all p < {B ^ A)-\ 

(v). The measure lo is purely singular, lo — lo^, LOac ~ if and only if ^ equals the 
characteristic function of a measurable subset A ^R, that is, ^ = XA- 



As mentioned after Definition 2.1, the definition of toL by means of reflection 



as in (2_^), in general, does not represent the analytic continuation of mL . The 
following result of Greenstein p7| clarifies those circumstances under which m can 
be analytically continued from C+ into a subset of C_ through an interval (Ai , A2) C 



Lemma 2.5 (p7[|). Let m be a Herglotz function with representation (2.15|) and 



{Xi, A2) C K, Ai < A2. Then m can be analytically continued from <C-^- into a subset 
of C_ through the interval (Ai , A2) if and only if the associated measure to is purely 
absolutely continuous on (Ai,A2), w L, , % = ^\(\ ^ -, ; cmd the density lo' of lo 
is real-analytic on (Ai,A2). In this case, the analytic continuation of m into some 
domain I?_ C C_ is given by 



m(z) ^m{-z) + 2'Kiuj'{z), zeV-, (2.36) 

where lo' {z) denotes the complex- analytic extension of lo' {X) for X G (Ai,A2). In 
particular, m can be analytically continued through (Ai,A2) by reflection, that is, 
m{z) — m{z) for all z G C_ if and only if lo has no support in (Ai, A2). 



GESZTESY AND TSEKANOVSKII 



If m can be analytically continued through (Ai, A2) into some region P_ C C_, 
then fh{z) := m{z) — mw' {z) is real-analytic on (Ai, A2) and hence can be continued 
through (Ai, A2) by reflection. Similarly, lo' {z)^ being real-analytic, can be continued 



through (Ai, A2) by reflection. Hence (2.36) follows from 



m{z) — TTiLU (z) — m(z) — m{z) — rn(z) + niuj (z), z G I?_. (2.37) 

Formula ( 2.36| ) shows that any possible singularity behavior of ttiL is deter- 
mined by that of w'L . (Note that to, being Herglotz, has no singularities in 
C+.) Moreover, analytic continuations through different intervals on K. may lead 
to different uj'{z) and hence to branch cuts of ttiL . 

The following result of Kotani M] , 194] is fundamental in connection with appli- 
cations of Herglotz functions to reflectionless Schrodinger and Dirac-type operators 
on M (i.e., solitonic, periodic, and certain classes of quasi-periodic and almost- 
periodic operators ||, ||, 0, (6I), ||, @, ||, ]lO|). 



Lemma 2.6 (|9^, |Q). Let m be a Herglotz function and (Ai,A2) C M, Ai < A2. 
Suppose lime^o Re(?Ti(A + ie)) = for a.e. A G (Ai, A2). Then m can be analytically 
continued from C+ into C_ through the interval (Ai, A2) and 



m{z) = -to(z). (2.38) 

In addition, Im(m(A -|- zO)) > 0, Re(m(A + iO}) = for all A e (Ai, A2). 

3. Support Theorems in the Scalar Case 

This section further reviews the case of scalar Herglotz functions and focuses on 
support theorems for ui, ujac, Ws, etc., in (|2.15|). In addition, we recall the main 



results of t he Ar onszajn-Donoghue theory relating ma{z), a ^ A2 (cf. (1/7)) and 



TO,(z) as in (2.12) 



Let //, V be Borel measures on M. We recall that S'p is called a support of /i if 
/i(M\5p) = 0. The topological support S'^^ of /i is then the smallest closed support 
of /i. In addition, a support S'p of /i is called minimal relative to v if for any smaller 
support T)i C S^ of /x, v{Sff\Tf^) — (or equivalently, T C 5*^ with /i(r) = 
implies viT) — 0). Minimal supports are unique up to sets of /i and v measure zero 
and 

5 - T if and only if ^(5 A T) = = v{S A T) (3.1) 

deflnes an equivalence class Euip) of minimal supports of ^ relative to v (with 
S AT = {S\T) U (T\S) the symmetric difference of S and T). 

Two measures, /i and z/, are called orthogonal, /i-Lz^, if some of their supports 
are disjoint. 

If /Ui,/i2 are absolutely continuous with respect to v, fij <ti v, j — 1,2, and /ii 
and fj,2 have a common support minimal relative to v, then fii and fi2 are equivalent, 

Hi -- ^2- 

From now on the reference measure v will be chosen to be Lebesgue measure on 
R, "minimal" without further qualiflcations will always refer to minimal relative to 
Lebesgue measure on R, and the corresponding equivalence class S^, [p) will simply 
be denoted by S{im). 

For pure point measures jjl = iipp we agree to consider only the smallest support 
(i.e. , the countable set of points with positive jipp measure) . If the support of a pure 
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point measure ^ — fj,pp contains no finite accumulation points we call it a discrete 
point measure and denote it by ^d- 

It can be shown that there always exists a minimal support S^ of /z such that 
Sfi = S?^ (cf. p4| , Lemma 5), but in general, a minimal support and the corre- 
sponding topological support 5*?^' may differ by a set of positive Lebesgue measure. 
Frequently, minimal supports are called essential supports in the literature. 

Theorem 3.1 ( |1C|], ||61[ , [ p3[ , BJ]). Let m be a Herglotz function with representa- 
tions (2.15) and ( 2.30| ). Then 

^uiaa = {A G M I limIni(77i(A + is)) exists finitely and < Im(Tn(A + iO)) < cx^} 

(3.2) 

is a minimal support of Uac- 
(U). 

S^, = {AeR|limIm(m(A + ie)) = +00} (3.3) 



Su,,, = {A e S-^J lim£lm(m(A + ie)) = 0} (3.4) 

are minimal supports of uJs and Use, respectively. 
(Hi). 

Su, = {A e ]R|lim£lm(m(A + ie)) = -ilim£m(A + i£) > 0} (3.5) 

PP I eiO eiO 

is the smallest support of cUpp . 

(iv). Suj^^, Suj^^, and Suj are mutually disjoint minimal supports and 

'S't^ = {A e M I limIm(r7i(A + ie)) < +cx) exists and < Im(m(A + iO)) < +00} 

- Su,^^ U S^^ (3.6) 

is a minimal support for uj. 

(v). 

^^„. ={AeM|0<e(A) <1} (3.7) 

is a minimal support for ujac- 
Of course 
Suj^^ = {A e R I Umm(A + ie) exists finitely and < Im(m(A + iO)) < (»} (3.8) 

£iO 



is also a minimal support of ujac- Later on we shall use the analog of ( |3.8| ) in the 
matrix- valued context (cf. Section H). 

The equivalence relation (3.1) motivates the introduction of equivalence classes 
associated with lo and its decompositions uJac, ^s, etc. We will, in particular use 
the following two equivalence classes 

£{ijjac) '.= the equivalence class of minimal supports of ujac (3-9) 

in Theorem |3.2| below. 
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Next, we turn our attention to ma{z) in (2.12), with a e M2(C) satisfying (2.7). 
We abbreviate the identity matrix in Af„(C) by /„, the unit circle in C by 5^ = dD, 
and introduce the set (cf. (2.7)), 

A2 = {ae M2{C)\a*j2a = n}- (3-10) 

We note that 

|det(a)| = l, a^A2, (3.11) 

and 

(fli, i/«i, 2), (01,1/024), (02,2/01, 2), (02, 2/02, i) e R, a e ^2 (3.12) 



as long as ai,2 ^ 0, respectively, 02,1 7^ 0. Moreover, we recall (cf. (|2.12| )), 

a2,i +02,2m(z) 

ma[z) ^ ^ — ■ ■ TT' zeC+ (3.13) 

oi,i +ai,2m(z) 

and its general version 

,^ (06^^)2,1 + (a6"^)2,2mb(z) 

ma (2) = -^-TYT —nrrr\ TT' o,6e^2, 2eC+. (3.14) 

(ab ^)i,i + (ab '-)ia'mb(z) 

The corresponding equivalence classes of minimal supports of ujac and LUa,ac are 
then denoted by £{ujac) and £(^0,00)- 

The celebrated Aronszajn-Donoghue theory then revolves around the following 
result. 



Theorem 3.2 (Q, 0, see also [|J, |l3§). Letm{z) andma{z), a e A2 be Her- 
glotz functions related by (3.13), with corresponding measures uj and uja, respec- 
tively. Then 
(i). For all a £ A2, 

£{^a,ac) = £{i^ac), (3.15) 

that is, £{uJa.ac) is independent of a £ A2 (and hence denoted by £ac below) and 

UJa,ac ^ ^ac foT all O G ^2 ■ 

(ii). Suppose oJb is a discrete point measure, uJb = iOb^, for some b E A2- Then 
LOa = t-^a.d is a discrete point measure for all a G A2- 
(Hi). Define 

5* = {A G M I there is no a Cz A2 for which lin{ma{X + iO)) exists and equals 0}. 

(3.16) 

Then S G £ac- 

(iv). Suppose ai,2 ^ (i.e., a G ^2^7/2}, 7 G S^). If LUa,s{'^) > or iUs{M.) > 
0, then £{oJa,s) 7^ ^ (^s) and there exist Sa.s G £{^a,s), Ss G £{uJs) such that 
Sa,s n 5s = (i.e., LUa^s-Lws)- In particular, 

5c^„ , = {A G M I limm(A + ie) = -oi i/ai 2} (3.17) 

is a minimal support for uja^s o.nd the smallest support of LJa,pp equals 

Su^ ,p = {A G K I limTO(A + ie) = -oi,i/ai,2, / dtj(A')(A' - A)"' < 00}. (3.18) 
Moreover, 

uJa{W)^\aiaT^(d+ f dLo{\'){\' ~\)-A , AgM. (3.19) 
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(v). Suppose LUb is a discrete point measure for some (and hence for all) b e A2. 
Assume that supp(ci;) ~ {)^i2,n}nex o-'^'d supp(wq) — {Xa,7i}nei for some a £ A2 
with ai,2 7^ are given, where X is either N, Z, or a finite non-empty index set. 
Suppose in addition that one of the following conditions hold: (1) aj(R) is known, 
or (2) m{zo) is known for some zq G C+, or (3) \miz^icxi{rn(z) — m^ [z)) — 0, where 
mP{z) is a known Herglotz function. Then the system of measures {ijJb\bi^A2 '^'^'^ 
hence the system of Herglotz functions {mh(z)}}j£Ai ** uniquely determined. 



Sketch of Proof, (i), (iii), and (iv) follow from ( p. 10 ) and ( p. 13 ) which imply 

Im m, z = ^^ ^ ", .|2 , 3.20 

Note that aii — ai 2 = Q cannot 



from Theorem 2.2 (i), (ii), and from Theorem 3.1 



occur in (3.2C) since this would contradict (3.10). (ii) follows from (3.14) and the 



fact that uja = ^a,d if and only if ma{z) is meromorphic on C. In order to prove 
(v) we define 

ai.i 
0-1,2' 



F(z) = m(z) + 



z e 



(3.21) 



Then F is a meromorphic Herglotz function with simple zeros at {Xa,n}n£i and 
simple poles at {Xi2,n}nex- In particular, its zero s and poles necessarily interlace 
and the exponential Herglotz representation (2.30) for F then yields 



F{z)^exp{k+ / dAe(A)((A-z)-i-A(l + A2)-i)), 



with ^ a piecewise constant function. Analyzing (2.31) shows that 

^W = X{AeR|F(A)<0}(^), 



(3.22) 



(3.23) 



where XM denotes the characteristic function of a set A^ C R and hence £, is 
uniquely determined by supp(w) and supp(ci;a). Thus F{z) is uniquely determined 
except for the constant fc g R (which cannot be determined from supp(w) and 
supp(a-'a)). Either one of the conditions ( l)-(3 ) then will determine k and hence 
F{z), z G C+. Thus m(z), and hence by ( 3.13 ) mi,{z) for all b G A2, are uniquely 
determined, which in turn determine ujb for all b G A2. O 



For connections between Theorem 3.2 (iv) and Hankel operators see [117|, Sect. 
III.IO. 

The relationship between Iin(ln(ma(z))) (respectively, Ca(A)) and Im(ln(7TT,(z))) 
(respectively, $(A)), analogous to ( 3.15 ), in general, is quite involved. The special 
case a — J2, that is, 



mj^iz) = -l/m{z), 
however, is particularly simple and leads to 

^nW = 1-C(A) for a.c. Ag 
We also state the following elementary result. 



(3.24) 
(3.25) 



Lemma 3.3. Suppose a, 6 G A2 and that ma{z) is a nonconstant Herglotz function. 
Then ma{z) — mi,{z) for all z G C+ if and only if a = jb for some j G S^ . 
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Proof. First we note that (|2.6[) and (2.7) determine a subgroup of the group of 



Mobius transformations (characterized by leaving C± invariant and normahzed by 
I det(a)| = 1). Hence ma{z) = mi,{z) if and only if a = 76 for some 7 G C\{0}. The 
normalization | det(a)| = | det(6)| = 1 then yields 7 G 5*^. D 

4. Further Applications of Scalar Herglotz Functions 

For additional applications of the Aronszajn-Donoghue theory described in The- 
orem ^.2| we now consider self-adjoint rank-one perturbations of self-adjoint op- 
erators, Friedrichs and Krein extensions of densely defined symmetric operators 
bounded from below with deficiency indices (1,1), and Sturm-Liouville operators 
on a half-line. 

Some of the following results are well-known (the material mainly being taken 



from [B|, pg, p§, ggl, [100|, p§, |136|, and |137]) and hence this section is par 



tially expository in character. However, we do supply simplified proofs of various 
results below and prove several realization results for different classes of Herglotz 
functions which appear to be new. Additional material connecting rank-one per- 
turbations with Hankel operators, respectively, Krein's spectral shift function can 



be found in [117|, Sect. HI.IO, respectively, |124| 



We start wit h se lf-adjoint rank-one perturbations of self-adjoint operators (fol- 



lowing [^ and |136|). Let 7i be a separable complex Hilbert space with scalar prod- 
uct (•,•)>{, Hq a self-adjoint operator in Ti. (which may or may not be bounded) with 
simple spectrum. Suppose /i e H, |1/i||-h = 1 is a cyclic vector for Hq (i.e., H — 
linspan{(iyo — z)^^fi € 'W | z G C\M}, or equivalently, H^ Hnspan{_Eo(A)/i € H \ 
A e M}, -Eo(-) the family of orthogonal spectral projections of Hq) and define 

Ho, = HQ + aPi, Pi-(/i,-)h/i, a G R, (4.1) 

with T>{Ha) — 'D{Ho), a E R (2?(-) abbreviating the domain of a linear operator). 
Denote by £«(•) the family of orthogonal spectral projections of Ha and define 

dtOaiX) = d\\E4X)fif^, f diOaiX) = Wfifn = 1- (4-2) 



By the spectral theorem for self-adjoint operators (cf., e.g., HE], Ch. VI), 
H is unitarily equivalent to H^ in Ha = L^(IR; dcJa), where 


Ha in 


iHag){X) = Xg{X), g e V{Ha) - i'(K; (1 + X^)dLOa). 


(4.3) 


Ha = UaHaU-\, H - [/^^'(R; duJa). 


(4.4) 


with Ua unitary. 




Ua:Ha = L'iR; dcja) -^n, g^ (Uag) - s-hm / diEaiX),h)g{X). 


(4.5) 


Moreover, 




h = UaL /i(A) = l, XeR. 


(4.6) 


The family of spectral projections Ea{X), A e M of Ha is then given by 




{Ea{X)g)[y:) = 9{X - ii)g{y) for c^„-a.e. M e K, ff e ^'(K; d^a), 


(4.7) 
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1 0, X < 0. 



Introducing the Herglotz function 



m„(z) = (/i, (H^ - z)-^h)n = / ^, z e C+, (4.8) 



one verifies 



^/^(^)= i^^r"^t (V "'^^i^- (4.9) 

1 + [p - a)ma[z) 



A comparison of ([4.9| ) and ( |3.I3| ) suggests an introduction of 



a(a,/3)=( J ^^" )eA, a,/3eR. (4.10) 



Moreover, since Wq(IR.) = 1, Theorem 3.2 applies (with ai.i(a,/?) = a2,2(a,/3) = 1, 
ai,2(a,/3) = /3- a, 02,1(0;, /3) = 0). 

If /i is not a cyclic vector for iJo, then as discussed in Q, Ti. (not necessarily 
assumed to be separable at this point) decomposes into two orthogonal subspaces 
Ti} and^i'^, 

H = 7i^eW^-L, (4.11) 

with Ti^ separable, each of which is a reducing subspace for all Ha, a eM.. One 
then ha.s rO- = linspan {{Hq ~ z)-^ fi e n\ z ^ C\R} and 

Ha = Hp on V{Ho) n H^-^ for aU a, /3 € R. (4.12) 

In particular, 

i?o = ffo®i?o'^, Ha^Hl®Hl'^, aGR, (4.13) 

/i = /i©0, (4.14) 

where 

^0 = ^|p(i/n)n-Hi' -^0' =^"lD(Hn)n-Hi.^' (^'-^^^ 

implying 

{h,{Ha-z)-^h)n = {fl{Hl-z)-^fl)n^^ml{z), a e R. (4.16) 

Thus, a-dependent spectral properties of Ha in Ti are effectively reduced to those 
of i?^ in 7i^, where iJ^ are self-adjoint operators with simple spectra and cyclic 
vector fl e rO-. 

Introducing the following set of Herglotz functions (we will choose the usual 
symbol M for these sets in honor of R. Nevanlinna) 

AAi = {to: C+^C+ analytic I to(z) =/dw(A)(A-z)~\ /dw(A)<cx)}, (4.17) 



we now turn to a realization theorem for Herglotz functions of the type ( |4.8| ). 

Theorem 4.1. 

(i). Any m G A/i with associated measure lo can he realized in the form 

m{z) = {hAH-z)-'h)n, z e C+, (4.18) 
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where H denotes a self-adjoint operator in some separable complex Hilbert space Ti, 
/i G 7Y, and 



j 



du;(A) - Whfn- (4.19) 



(ii). Suppose mi £ A/i with corresponding measures LOg,, (. = 1,2, and mi ^ m2. 
Then mi and m2 can be realized as 

m,{z) = ifiAHi-z)-'fi)n, ^=1,2, zeC+, (4.20) 

where Hi, ^ = 1,2 are self-adjoint rank-one perturbations of one and the same 
self-adjoint operator Hq in some complex Hilbert space Ti (which may be chosen 
separable) with fi GH, that is, 

He = Ho + aePi, Pi = (/i, ■)Hfi (4.21) 

for some ae (zM, i = 1,2, if and only if the following conditions hold: 

f dujiiX)^ f duj2{X)^\\fi\\^n, (4.22) 

and for all z G C+, 

^,(,) = ^ . (4.23) 

1 + ll/ill-H ("2 -Q;i)mi(z) 

Proof. Define the self-adjoint operator Hq of multiplication by A in 7i = L^(M; dui) 

by 

iHog){X) = Xg{X), g e V{Ho) = L\R;{1 + X')dLu), (4.24) 

where u denotes the measure in the Herglotz representation of m{z), and consider 
fi — I E H. One infers 



(/i, {Ho - z)-^fi)n = / duj{X){X - z)-i - m(z). (4.25) 

jR 

Since w-lim2^ioo(~-z)(-ffo ^ z)^^ = Ihi the identity in Ti, and \iy{X — iy)^^| < 1, 
Lebesgue's dominated convergence theorem yields (4.19) and hence part (i). The 
necessity of condition ( 4.23| ) in part (ii) was proved by Donoghue Q (assuming 
||/i||h = 1). Indeed, applying t he las t part in the argument proving (i) to mi{z) 
and m2{z) immediately proves ( 4.22| ). Identifying ai — a, a2 — (3, Hi — Ha, 
H2 = Hp, ||/i||^^TOi(2;) = m„(z), and \\fi\\-^m 2{z) =^ mp{z), ( 4.23) ) is easily seen 
to be equivalent to ( [4.9[ ). Conversely, assume (4.22) and ( [4.23[ ). By part (i), we 
may realize mi{z) as 

\\fi\\^^mi{z) = \\fi\\^\fi, {Hi - z)-\fi)n. (4.26) 



By ( 4.16D we may assume that Ti is separable and Hi has simple spectrum and 
hence identify it with Ha in (|]l]). Define Hp as in (|]|) for (3 £ R\{a} and 
consider 

"^/3(^) = ll/i|lw'(/i, {Hp ~ z)-'fi)n. (4.27) 

By (|4.9| ) one obtains {ma{z) = \\fi\\^rni{z)) 

"^ ' l + {P~a)\\fi\\^'mi{z) ^ ' 
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A comparison of ( |4.2S| ) and ( |4.9| ) then yields ||/i||^TO/3(z) = 7712(2;) for (02 — ai) = 
{(3 — a), completing the proof. D 

Of course we could have normalized /i, |1/i|1-h — l, and then added the con- 
straint Jg^dijj{X) = 1 to (4.17). By (4.16), (1.16) can be realized in nonseparable 
Hilbert spaces. 

Next we turn to a characterization of Friedrichs and Krein extensions of densely 
defined operators bounded from below with deficiency indices (1,1) (following p5[ , 
|37), |§, [||, |10§, |0l|, (13|, and |I4|). 

We start by describing a canonical representation of densely defined closed sym- 
metric operators with deficiency indices (1,1) as discussed by [E2|. Let 7i be a 
separable complex Hilbert space, H a closed densely defined symmetric operator 
with domain T>{H) and deficiency indices (1,1). Choose u± € ker(7?* =F «) with 
||m±||-h = 1 and denote by iJ^, a S [0, tt) all self-adjoint extensions of H, that is, 






■ 2ia 

le 7i_. 



e2*"u 



Hg + iu4 

e V{H*) I g e V{H), u± e ker(iJ* T «)} (4.29) 



by von Neumann's formula for self-adjoint extensions of H. Let i?a(') be the family 
of spectral projections of Ha and suppose Ha has simple spectrum for some (and 
hence for all) a E [0,tt) (i.e., u+ is a cyclic vector for Ha for all a £ [0,7r)). Define 



dva{X) = d\\Ea{X)u^\ 



2 



dVa{\) 



\H 



= 1, 



e[0,^). 



(4.30) 



then i^Q is unitarily equivalent to multiplication by A in _L'^(M; dva) and m+ can be 
mapped into the function identically 1. However, it is more convenient to define 

duja{X) = {l + \^)dva{X), (4.31) 

such that 

dijJa{^) 



/tT^ = l' fdcUc.{X)^oo, ae[Q,n) 



(4.32) 



(by ( 4.30| ) and the fact that u+ ^ 'D[Ha))- Thus, Ha is unitarily equivalent to H, 
in Tia — £'^(M; diOa), where 

(F„5)(A) = A.g(A), g G I?(iJ„) = L^i^; (1 + A^)^^^^), 

Ha = UaHaU-\, H = UaL^R; dUa): 

with Ua unitary, 



(4.33) 
(4.34) 



Ua ■■Ha ^L\R-dUa) 

g -> Uag = s-lim / 



n, 



d{Ea{\)u+){X-i)g{\). 



Moreover, 



and 



77.+ = UaU+, M+(A) = (A — z) "'", 



(4.35) 



(4.36) 



(H(«)5)(A) = A.g(A), gEV{H{a))={hEV{Ha)\SduJa{\)h{X)^0}, (4.37) 
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where 

H = UaH{a)U~\ (4.38) 

Thus H{a) in L^(]R; duja) is a canonical representation for a densely defined closed 
symmetric operator H with deficiency indices (1, 1) in a separable Hilber t sp ace Ti 
with cyclic deficiency vector u+ G ker(iJ* — z). We shall prove in Theorem O below 
that H{a) in L^(R; dtOa) is actually a model for all such operators. Moreover, since 



{{H-J)g,U^{-^z)-')n= I d^„(A)(A-z)([/^ig)(A)(A-z)-i-0, (4.39) 

g G V{H), z e 



by (|4.37|) , one infers that Ud- - z)"! e ^(i/*). Since V{H) is dense in H, one 
concludes 

ker(if (a)* - z) = {c(- - ;2)"i | c e C}, z G C\M, (4.40) 

where 

H* =Ua,H{ayU-\ (4.41) 

If u+ is not cyclic for Ha then, as shown in |42(| , 7i (not necessarily assumed 
to be separable at this point) decomposes into two orthogonal subspaces Ti" and 

n = n°®n"'-^, (4.42) 

with TC'^ separable, each of which is a reducing subspace for all Ha, a e [0,7r) and 



H° = linspan{(iJQ - z)-'^u+ eH\z e C\K} is independent of a G [0, n), (4.43) 

(Ha - z)-^ = {Hp - z)-'^ on n°^-^ for all a,/3 G [0,7r), z G C+. (4.44) 

In particular, the part H'^'-^ of H in H'^'-^ is then self-adjoint, 

H = H"®H"-^, Ha=H^(SH°'^, aG[0,7r), (4.45) 

Tan{H°'-^ -z)^ n^'-^, z G C\M, (4.46) 

u+^ul® 0, (4.47) 

with H'^ a densely defined closed symmetric operator in TiP and deficiency indices 
(1,1). One then computes 

z\\u+\\l^ + (1 + z^){u+, {Ha - z)-'^u+)n 

^z\\ulf^o + il + z^){u1,{H°^~z)-\l)no, aG[0,7r) (4.48) 

and hence a-dependent spectral properties of Ha in TC are effectively reduced to 
those of H^ in 7i°, where H^ are self-adjoint operators with simple spectra and 
cyclic vector u^ G ker((i/°)* — i). 

Next we show the model character of {'Ha,H{a),Ha) following the approach 
outlined by Donoghue [[42[ . 

Theorem 4.2 (142]). Let H be a densely defined closed symmetric operator with 
deficiency indices (1, 1) and normalized deficiency vectors u± G ker^H* ^i), ||u±||-h 
= 1 in some separable complex Hilbert space Ti. Let Ha be a self-adjoint extension 
of H with simple spectrum (i.e., m+ is a cyclic vector for Ha). Then the pair 
{H,Ha) in H is unitarily equivalent to the pair {H{a),Ha) in Ti defined in (4.37) 
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and (4.33) with unitary operator Ua defined in (4.35) (cf. (4.3S) and (4.34)j. 
Conversely, given a measure duj satisfying 

dS(A) 



= 1, 



dw{X) = 



CX3, 



1 + A2 
define the selfiadjoint operator H of multiplication by X inJi = L'^iM.; duj), 

{Hg)iX) ^ Xg{X), g e V{H) - L\R; (1 + X^)d^), 
and the linear operator H in Ti, 

V{H) = {g e V{H) I jdu{X)g{X) =0}, H = H\^^^^. 



(4.49) 



(4.50) 



(4.51) 



Then H is a densely defined closed symmetric operator in Ti with deficiency indices 
(1,1) and deficiency spaces 

ker(iJ*T«) = {c(AT«)"McGC}. (4.52) 

Proof. The first part of the theorem (with the exception of the explicit expression 
for the unitary operator Ua in ( 4.35)) is due to Donoghue [|2| and we essentially 
sketched the major steps in ( 4.30| )-(4.48) above. For the sake of completeness we 
add two more details. First, in connection with proving the unitary equivalence 



stated in (4.34), one observes that Ua{Ha — z) ^■u+ = {Ha — z) ^m+. Using the 



first resolvent identity for Ha and Ha then yields Ua{Ha ~ z) ^{{Ha — z') ^u+) = 
[Ha — z)^^{{Ha — z')^^u+). Since z' e C\R is arbitrary, one obtains (4.34) from 
the fact that u+ is cyclic for Ha ■ Secondly, in connection with the domain of H{a) 



in ( 4.37 ) one makes use of the well-known fact that h e Ha belongs to V{H{a)) if 
and only ii h E 'D{Ha) and h is orthogonal to ker(iJ* — i) in the topology of the 
graph of H* , that is, 



{H*h,H*u^)^ +(/i, M_i_).^ — Q ov i{Hah,u-\- 



'n^ 



{h,u+) 



■Ha 



0. 



(4.53) 



This is easily seen to be equivalent toL cLua{X)h{X) == in ( 4.37 ). 

Since the second part of Theorem 42 is stated but not explicitly proved in |Q , 
we now sketch such a proof. 

Define H2r = ^^(M; (1 + A^)''^^;), r G M, Hq = H and consider the isometric 
isomorphism (unitary operator) R from H2 onto 7i_2, 

R:H2^H-2, /^(l + A^)/, (4.54) 

il9)n, = ilR9)n = iRl9)n = iRlR9)n-,, 7,5 €^2, (4.55) 

(u,-i7).^_ = {u, R^^v)^ — {R^^u,v)^ — {R^^u, R~^v)^ , u,w e 7i_2- (4.56) 

We note that C C H-2- Since g e H2 imphes g € L^iM^^dLJ) using |5(A)| = (1 + 
A2)~^/2(1 + A2)i/2|g(A)| and Cauchy's inequality, ViH) is well-defined. Moreover, 
as a restriction of the self-adjoint operator iJ, H is clearly symmetric. One infers 
from (^.54D and ([4.51|) that 



V{H) = H2 = V{H) ®.H^ R- 



(4.57) 



where, in obvious notation, ®.^ denotes the direct orthogonal sum in 7^2- Next, 
to prove that ^{H) is dense in H, suppose there exists ag£H such that gJ-Vi^H). 
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Then 



= (/, g)H = (/> R'^9)n, for all / e V{H) (4.58) 



and hence R ^g £ R ^C, that is, g = c e C a.e. by (4.57), and consequently, 
g £ H ii and only if c = g = 0. Next, H is a. closed operator, either by ( 4.57 ) or 
directly by its definition ( [4.51] ) (lim„^^ IIA - ffllw =0^ 1^™"^°° W^fn -gWn =^ 
for {/„}„6N C ViH), j^,g G H imply / G 7^2 and g = Hf hy passing to appropri- 
ate subsequences of {/„}„eN and {Hfn}nm, and J^dw{X)f{X) = (i?"^,/).^^ = 
liin„^oo(-R^^l, frij-fc., = then yields / G I?(iJ)). Since iJ is self-adjoint, ran(iJ — 
z) = Ti for all z e C\R, and {H ± i) : Ti2 -^ H is unitary. 



i{H±z)f,{H±t)g))n= / (1 + A^)rf^(A)/(A)g(A) = (/,g)^^, f,g€'H2. 

(4.59) 



Thus, (^) and ( [f.59D yield 

n^iH± i)'H2 ^{H± i){V{H) Qf^^ R-^C) ^ {H ± i)V{H) ®f^ [r^c | c e C} 
= ran(i? ± i) ®tI {c(A T iT^ | c e C} (4.60) 

and hence ([f.52|). D 



If ifc and Hp are two distinct self-adjoint extensions of the symmetric operator 
H with deficiency indices (1, 1) considered in Theorem 4.2, then, in contrast to the 
case of deficiency indices {n,n) to be studied in detail in Section R, 'D{Ha) and 
'D{Hfj) have a trivial intersection, that is, 

V{Ha)nV{Hf}) ^V{H) for aUa,/3e [0,7r), a 7^ /3. (4.61) 

Introducing the Herglotz function 

mo,{z) = [ dw„(A)((A - z)-^ - A(l + A^)-!) (4.62) 

Jr 

= z + (1 + z2)(h+, {H„ - z)-\+)n (4.63) 

(the last equality being a simple consequence of J^duja(X)(l + X^)^^ = 1) one 
verifies 

, , — sin(/3 — a) + cos(/3 — q;)toq(z) ^ . , /.^,x 

mp{z) = -^^^ ' . /.^ / // , a, /? e [0, ^). (4.64) 

cos(p ~ a) + sm(p — a)ma{z) 

A comparison of ( 4.64 ) and ( 3.13| ) suggests invoking 

/ ^\ ( cos(/3 — a) sin(/3 — a) \ . ^ rr^ n /.^^n 

«("'^)=Usin(/3-a) cos(/3-a) j^^- «,/3g[0,^). (4.65) 

Moreover, since mj{i) — i for all 7 G [0, tt). Theorem ^.2| applies (with ai,i(a, /?) = 
02,2(0;, /3) = cos(/? - a), ai^2(a, /?) = -02,1(0, /3) = sin(/3 - a)). 

Next, assuming that H is nonnegative, _ff > 0, we intend to characterize the 
Friedrichs and Krein extensions, Hp and Hk, of H. In order to apply Krein's 



results mm (see also M, [14C|, |1411) in a slightly different form (see, e.g., |ll37[. 



Sect. 4 for an efficient summary of Krein's results most relevant in our context) we 
state 
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Theorem 4.3. 

(i). Ha — Hp for some a G [0, tt) if and only if Jr, d\\Ea{X)u-i-\\'^X = oo, or 



equivalently, if and only if Jj^ dLUa{X)X ^=00 for all R> 0. 



R 



(ii). H(3 = Hk for some (3 £ [0, tt) if and only if Jq d||i5^(A)u_|_||^A ^ ~ cxd, or 



equivalently, if and only if Jf^ dLUf3{X)X ^ = 00 for all R > 0. 

(Hi). H^ = Hp = Hk for some 7 £ [0, tt) if and only if jn (i||_E-y(A)u+|||^A = 
J„ d\\E~^(X)u^\\'^X^^ = 00, or equivalently, if and only if jn dio^{X)X^^ = cx) = 
j^duj^{X)X-^ for all R>0. 

Proof. In order to reduce the above statements (i)~(iii) to those in Krein [ [100| 
(as summarized in Skau |137]), it suffices to argue as follows. From (p + 1)^^ — 
{p. — i)^^ ^ (1 + '0(/-* + 1)^"^(A' ^ i)^^ one infers 





\\Ea{X)Ua 


(• + 1)"' 


2 

\h — 


\Ea{X)u+\\^^+2\\Ea{X){Ha 


+ 1) 


-w 


2 










^2\\Ea 


(A)(if„ + l)-i/2y+| 


2 

H 






and 


since 


















f d\\E 
Jb 


a(A)(ff„ 


+ iy 


''u+W-H 


f d\\Ea{X)u+\\j^ 
Jb (A + 1)2'- 


, r 


>o, 




one 


concludes that 


















/ 


d\\Ea{X)Ua{- + ir^ 


^ is finite (infinite) 









(4.66) 

(4.67) 



JB 

if and only if / (i||i?Q(A)u+||^ is finite (infinite). (4.68) 

Jb 

Here B denotes any Borel subset of [0, 00). D 

We also recall that 

mia{Hp) = mf{{g,Hg)n eR\ge V{H),\\g\\n = 1} > 0, (4.69) 

whereas 

infcr(J?A') = (4.70) 

(here a{-) abbreviates the spectrum of a linear operator). Moreover, all nonnegative 
self-adjoint extensions H oi H satisfy 

0<iHp-fi)-' <{H-fi)-^ <{HK~^^)-\ /ie(-oo,0). (4.71) 

and hence H has a unique nonnegative self-adjoint extension if and only if Hk = 
Hp. 

Theorem 4.3 then yields the following result. 



Theorem 4.4. ([^, fS^, J38|, [|2|, llOl|). 

(i). Ha = Hp for some a G [0, tt) if and only iflhnxi-oa 'TiaW = —00. 

(ii). Hp ~ Hk for some [3 £ [0, tt) if and only i/limA|o fnfj{X) ~ 00. 

(Hi). H^ = Hp = Hk for some 7 G [0, tt) if and only i/liniAX-cc ^n^y^X) = — cx) and 

\\m.\^Qmj[X) = 00. 

(iv). Suppose ap e [0,7r) corresponds to Hap = Hp, (3k G [0,7r) to Hp^ = Hk, 

and 7 G [0,7r). Then 

\iu\ m-f{X) = - cot{-j - ap) = - I duj-f{X)X{l + X^)~^ , -f ^ ap, (4.72) 
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limm^(A) = "C0t(7-aK) = / dw^(A)(A"' - A(l + A^)"'), 7 7^ a^, (4.73) 

duj^{X)X^^ = cot{j — ap) — cot{'j — ax), 7 7^ Q^f, l^ctK- (4.74) 

Proof. li Hs > Q for some S E [0, tt) one infers 

/•OO 

ms{\)^ d^5(A')((A' + |Ari-A'(l + A'')-i), A < 0. (4.75) 

Jo 

Next, suppose ffo, = Hp. Then, since [A'(l + A'")^^ — (A' + |A|)^^] is mono- 
tone increasing as A | —00, limAx-00 "^a(A) = — /g <iwQ(A')A'(l + A' )^^ = —00 
by the monotone convergence theorem and Theorem 4.2 (i). Conversely, suppose 
hniAx-oo "T-Q!(A) = —00, then necessarily L duJa{X){l + A)^^ = 00 and hence 
Ha = Hp again by Theore m |4.2| (i). This proves (i). Items (ii) and (iii) then follow 
analogously from Theorem |4.2| (ii) and (iii) above. Equation (4.72) is a direct con- 
sequence of (4.62), (4.64), (i)-(iii), and the fact that all operators Ha^ a e [0,7r) 
are bounded from below (and hence ma{z) are real-valued for z € (— 00, —c(a)] 
and analytic in C\(— 00, —c(a)] for c{a) > sufficiently large). Equation ( 4.73| ) is 
proved in the same manner observing that ij{Ha)f^ (—00, 0), a G [0, tt) consists of at 
most one eigenvalue. Finally, ([4.74) is just the difference of ([4.73[) and (4.721). D 



The following represents an elementary example illustrating these concepts. 
Example 4.5. Let r G (—1, 1) and consider the measure 



d^r{X) 



(2/7r) sin((r + l)7r/2)A''dA, A > 
0, A < 0. 



(4.76) 



Then (4.32) is easily verified and 



d^,r{\) 



CX3 if < r < 1 
<oo if-l<r<0. 



dfir{\) joo if-l<r<0 
A l<oo ifO<r<l 

(4.77) 



for all i? > 0. Define the closed symmetric operator H{r) > in L'^ {{0, 00); d^r) 
with deficiency indices (1,1) by 



(7J(r)5)(A) = A5(A), 

g e V{H{r)) ^{he L2((0, c»); (1 + A^)^^^.) | / dfir{X)h{X) = 0} 





(4.78) 



and the self-adjoint (maximally defined multiplication) operator 

{Hrg)W = Xg{X), g eV{Hr) = L^{{0,(x^);{l + X'')dfir). (4.79) 

Then Hr represents the Friedrichs extension H{r)F of H(r) for < r < 1 and the 
Krein extension H{r)K of H{r) for — 1 < r < 0. In particular, H{r)p = H{r)K if 
and only if r = 0. 



Next, we turn to a realization theorem for Herglotz functions of the type (4.63) 
It will be convenient to introduce the following sets of Herglotz functions. 

Wo = {m:C+^C+ analytic \m{z) ^ j duj{X){{X - z)-^ - X{1 + X^Y^), 
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Jduj{X) = oo, /dw(A)(l + A2)-i <oo}, (4.80) 

R R 

oo 

A/'o.^F = {m e Wo I supp(w) C [0, oo), / duj{X)X~^ = oo for some R > 0}, (4.81) 

R. 

R , 

Mq^k = {m e Wo I supp(a;) C [0, oo), / (kj{\)\ ^ = oo for some R > 0}, (4.82) 







R. 



Wo.F.K = {m e Wo I supp(u;) C [0,oo), / dw(A)A ^ = / duj{X)X ^ = oo 

R 

for some R > 0} = Wo,_f H J\fo,K- (4.83) 

The sets Wo,f, J^o.k, and Afo,F,K are of course independent of i? > 0. 

Theorem 4.6. 

(i). Any fh £ Wo can he realized in the form 

m{z)^z\\u+f^ + {\ + z^){u+,{H-z)-^u+)^, z G C+, (4.84) 

where H denotes the self-adjoint extension of some densely defined closed symmetric 
operator H with deficiency indices (1, 1) and deficiency vector m+ G ker(iJ* — i) in 
some separable complex Hilbert space H. 
(a). Any fhpiresp. K) ^ J^o.Flresp. K) ^an be realized in the form 

■rn-Firesp. K){z) = z||M+i|^ + (1 + Z^){u+, {Hp(resp. K) " z)-^U+)f^, Z E C+, 

(4.85) 

where Hp(^resp. if) ^ denotes the Friedrichs (respectively, Krein) extension of some 
densely defined closed operator H >0 with deficiency indices (1,1) and deficiency 
vector u+ € ker(_ff* — i) in some separable complex Hilbert space TL. 
(Hi). Any ffiF.K € J^o,f.k can be realized in the form 

mF,i^(z) = z||w+||2^ + (l + z2)(u+,(^F,/f-z)-i?i+)^, zeC+, (4.86) 

where Hf,k > denotes the unique nonnegative self-adjoint extension of some 
densely defined closed operator H >0 with deficiency indices (1,1) and deficiency 
vector u+ G ker(i?* — i) in some separable complex Hilbert space Ti. 
In each case (i)~(iii) one has 



dw(A)(l + A^)-i = ||ii+||^, (4.87) 

where u) denotes the measure in the Herglotz representation offh{z). 



Proof. We use the notation estabUshed in Theorem 4.2. Define 

u+{X) = {X-i)-\ (4.88) 

then |lu+||2^ =/Rdw(A)(l + A2)-i and 

^ll"+ll?i + (1 + z'^){u+, {H - z)"^w+)7^ 
= / d^{X){z{l + A2)-i + (1 + z2)(A - z)-i(l + A2)-1) 

dS(A)((A - z)~^ - A(l + A^)-!) = m{z) (4.89) 
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proves (4.84) and hence part (i). Parts (ii) and (iii) then fohow in the same manner 

D 



from Theorems 4.2 and 4.3 



Of course we could have normahzed u+, ||m^ ||^ = 1, and then added the con- 
straint /Rdw(A)(l + A2)-i = 1 to (^!80|)-(M^). By (jtisl) , (^^sl^dlsel) can be 
reahzed in nonseparable Hilbert spaces. 

Theorem 4.7. Suppose mi G A/q with corresponding measures cui in the Herglotz 
representation of mi, £ = 1,2, and mi ^ m2. Then mi and TO2 can be realized as 

mi{z) = z||u+||^ + (1 + z^)(u+, {Hi - z)-^u+)h, ^=1,2, z G C+, (4.90) 

where Hi, d = \,2 are distinct self-adjoint extensions of one and the same densely 
defined closed symmetric operator H with deficiency indices (1,1) and deficiency 
vector u+ G kcr(iJ* — i) in some complex Hilbert space Ji (which may be chosen to 
be separable) if and only if the following conditions hold: 



d^i(A)(l + A2)-i 
and for all z G C+, 

m2{z) 



duj2{\){i + \^y 



?n. 



||M+||^ + /imi(z) 



h+ ||u+|l.^^r7ii(z) 



for some h G 



Proof. The necessity of condition (4.92) has been proved by Donoghue 
assumed ||u+||-h = 1). Indeed, assuming ( 4.90| ), the fact 



mi{i) = Jllw+ll.^ = i I duji{\){l + A ) 



£= 1,2 



(4.91) 

(4.92) 
i (he 

(4.93) 



yields ( [4.911 ). Identifying h = cot(/3 — a). Hi = Ha, H2 = Hp, ||u+||.^ rni{z) = 



ma{z), and ||w+||-^ rn2{z) — mp^z), (4.92) is seen to be equivalent to (4.64). (Here 
we may, without loss of generality, assume that Hg, (, — \,2 have simple spectra 



since otherwise one can apply the reduction (4.48).) Conversely, assume (4.91) and 
(4.92|). By Theorem 4.6 (i), we may realize mi{z) as 



\\u+\\^mi{z) = z + (1 + z^)\\u+\\^^{u+, {Hi - z)-^u+)n. (4.94) 



Again by (4.48) we may assume that Hi has simple spectrum and identify it with 
Ha, Oi G [0,7r) in ( 4.29 ). If Hp, /3 G [0,7r)\{a} is any other self-adjoint extension 
of H defined as in ( 4.29|) (the actual normalization of u± being immaterial in this 
context), introduce 

mii{z) == z + (1 + z2)||m+||:^^(u+, {Hf^ - zy^u+)n- 



z + (1 + z^)||w+||.^^(u+, {Hfi - z)-^u+) 
By (4.64) one obtains {ma{z) = ||m+||^ mi{z)) 

mp{z) = 



— 1 + cot(/3 — a)||'u+||-^ mi{z) 
coi{j3 — a) + ||w+||^ mi{z) 



A comparison of (4.92) and ( 4.96| ) then yields ||u_|_||^?7i^(z) 
cot(/3 — a), completing the proof. 



(4.95) 

(4.96) 

m2{z) for h = 
D 



Remark 4.8. For simplicity we studied Friedrichs Hp and Krein Hk extensions of a 
densely defined closed operator H > with deficiency indices (1, 1) in Theorems 4.4 
and |4^ (ii) , (iii) . In other words, we studied the special case where H admitted at 
least one self-adjoint extension with the spectral gap (—00, 0) (in general, there is a 
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one-parameter family of such self-adjoint extensions with Hp and Hk as extreme 



points, cf., (4.71)). There is no difficulty in extending all our results to the case of 
symmetric operators and their self-adjoint extensions with arbitrary gaps (Ai, A2), 
—00 < Ai < A2 < 00 in their spectrum. In fact, assuming H to be densely defined 
and closed in some complex Hilbert space TL, the condition iJ > is now replaced 

by 

A1+A2WIL, -. A2^Ail|/||.^^ f eV{H). (4.97) 



\{H-^^)f\\ 



H 



> 



A2-A1 
2 



In this situation it was proved by Krein |10C| that H always admits self-adjoint 
extensions H with the same spectral gap (Ai, A2). In particular, there always exist 
two extremal self-adjoint extensions Hp^ and Hk\ of H with the same gap (Ai , A2) 



such that 



{Hf 



f^r' < (H - fi)-' < iH_ 



Kx 



p^r 



l-i e (Ai,A2) 



(4.98) 



for any self-adjoint extensi on H of H wit h sp ectral gap (Ai, A2). Given the results 
in g], Q, Ig^i @, and |10C|, Theorem iA immediately extends to general gaps 
(Ai,A2) upon replacing Hp by Hf^_^, limAj,-oo ma(A) = -00 by limAXAi, Ae(Ai,A2) 
rriaiX) = -00, Hk by Hk^^, and limAjo "i/3(A) = 00 by \imxi;X2,xeiXiM)^pW 



= 00, etc. Analogous remarks apply to Theorem 4.6 (ii ),(iii) , replacing the condition 



supp(tj) C [0,cx)) by supp(tj) C ]R\(Ai, A2) in ( [4.81 



(|4.83| ). 



Next we briefly turn to Schrodinger operators on a half- line. Let q G L-^{[0, R]) for 
all R > 0, q real- valued, and introduce the fundamental system (j)a{z,x), 9a{z,x), 
z e C of solutions of (/ denotes d/dx) 

-'ilj"{z,x) + {q{x)~ z)ilj{z,x)^Q, x>0, (4.99) 

satisfying 

(/»a(z,0+) = -6*^(2,0+) = -sin(a), 0'„(z, 0+) = 6'a(z,0+) = cos(a), a€[0,7r). 

(4.100) 

Next, pick a fixed zq € C+ and a solution fo{zo, •) € L'^{[0,oo);dx) of (4.99) and 
let ^a{z,x) be the unique solution of ( 4.99| ) satisfying 



i'aiz, •) e i^([0,oo);dx), sm{a)-ip'^{z,0+) + cos{a)^pa{z,0+) — 1, 
\imW{MzQ,x),Mz,x))^0, zeC+, (4.101) 

X — ►CO 

^ ,2 . . 

the latter condition being superfluous, i.e., automatically fulfflled, if —-y-^ -I- q is in 
the limit point case at cxd. (Here W{f{x),g{x)) = f{x)g'{x) — f'{x)g{x) denotes 
the Wronskian of / and g.) Existence and uniqueness of ipa{z, x) is a consequence 
of Weyl's theory (see, e.g., the discussion in Appendix A of |60|). Then ij)a{z,x) is 
of the form 

Ipaiz^ x) = 6a{z, x) + ■ma{z)(f>a{z, x) , (4.102) 

with ma{z) the Weyl-Titchmarsh m- function corresponding to the operator Ha in 
L^([0, oo);dx) defined by 

{Hag)ix) = -g"{x) + q{x)g{x), x > 0, (4.103) 

'D{Ha) = {g e L^{[0,oo);dx)\g,g' e AC{[0,R]) for aU i? > ; 

-g" + qgeL^i[0,oo);dx); lim W{foizo,x),g{x)) = 0; 

sm{a)g'{0+) + cos{a)g{0+) =0}, ae [0, vr). 
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(Here AC{[a, b]) denotes the set of absolutely continuous functions on [o, b].) Then 
ma{z) is a Herglotz function with representation 

TO„(z) = c„ + /" dtj„(A)((A - z)-i - A(l + A2)-1), a e [0, tt), (4.104) 

= cot(a) + / dw„(A)(A - z)-\ a e (0, tt), (4.105) 

where 



d.„(A)(l + |A|)- <°°' ^^f^^^ (4.106) 

I = oo, a = 0. 

Moreover, one verifies 

-sin(/?-a)+cos(/5-a)TOa(z) /. 1n7^ 

mp{z) = — . . f T 1--, a,/3e 0,7r 4.107 

cos(p ~ a) + sin(p — a)ma \z) 

and hence the corresponding matrix a(a,/3) is of the type 

/ o\ ( cosiB — a) sin(/3 — a) \ , ^ tn \ ia ir,oN 

«(«,/?) =(^_4^_j) eos(?-a) j^-^^' "'/3^[0'-)- (4.108) 

The asymptotic behavior of TOa(z) is given by 

fcot(a) + ^r^z-l/2_££|M ^-1+0(^-1) ae(0,7r), , 

z— loo |^i0l/2 _j_(j(2), a = 0. 

Thus, Theorem |3.2| applies (with ai^i(a, /?) =a2,2(ck,/3) =cos(/3 — a), ai_2(a,/?) = 
— a2,i(a, /3) = sin(/3 — a)). 



Theorem 3.2 (v), in particular, represents an alternati ve (a b strac t) app roach to 



Borg-type uniqueness theorems [g2|, |g3[ (see also ||60|], |103[ , [|104[ , |112| and the 
references therein) to the effect that two sets of spectra (varying the boundary 
condition at one end point but keeping it fixed at the other) uniquely determine 
q(x). Its elegant proof using the exponential Herglotz representation for F(z) is 
due to Donoghue Q. 

For simplicity we only discussed the case of a half-line [0,oo). However, the 
case of a finite interval [0, i?o] for some i?o > is completely analogous, replacing 



the first and third condition on ■0^(2, x) in (4.101) by the boundary condition 
sin(7)-0^(z, i?o) + cos(7)^a(z, Rq) — for some fixed 7 G [0, tt). 

It is possible to characterize the set of Herglotz functions leading to Weyl- 
Titchmarsh m-functions for — ^ + g in i^([0, R^;dx) or L^([0, 00); dx) with real- 
valued q satisfying q G L-^([0, i?o]; rfa;) or g g L^([0, i?); dx) for all i? > 0, respec- 
tively. These realization theorems, however, are far less elementary, being based 



on the Gelfand-Levitan formalism of inverse spectral theory (see, e.g., [p4, |104|, 
|105| , |113{ ). We omit further details at this point. 

These considerations extend to singular coefficients g at x = replacing q G 
L^([0, i?]) for all i? > by g G iioc((0) 00)). A careful investigation of the Weyl limit 
point/limit circle theory (see, e.g. , |pl[] , Ch. 9) then shows that the fundamental 
s ystem (/)Q,(z,a;), daiz^x) of ( 4.99| ) can be replaced by (f>{z,x), 9{z,x) satisfying 



( [l.99| ) with the following properties: 

(i). For all a; > 0, (j){z,x), 0{z,x) are entire with respect to z G C and real-valued 
for aU z G K. 

(ii). W{0{z, x), (j){z, x))^l, zeC,x> 0. 
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(iii). lim3;|o W{4>{z, x), (j){z, x) ) ^]in\^iQW{9{z,x),0{z,x)) = 0, 
lim^jo W{9{z, x), <p{z, x)) ~ 1, z G C 
Introducing 

■il;{z,x)=e{z,x)+m{z)4){z,x), z G C\R (4.110) 

satisfying 

tp{z,-)e L^{[0,oo);dx), zeC\M (4.111) 

then yields 

/■oo 

Im(m(z)) = Im(z) / dx\^{z,x)\'^ , z e C\R (4.112) 

Jo 

if and only if lim W{ip{z,x),i^{z,x)) =0, z G C\R. (4.113) 



In particular, m{z) is a Herglotz function if ( 4.113| ) is satisfied. For associated self 



adjoint boundary conditions in the singular case see, for instance, [E6l, [p4|, Ch. Ill, 



and [127| 



5. Basic Facts on Matrix- Valued Herglotz Functions 

The main purpose of this section is to carry over some of the scalar results of 
Section 0to matrix- valued Herglotz functions. 

In the following we denote by M„(C), n E N the set of ti x n matrices with 
complex- valued entries, denote by /„ £ Af„(C) the identity matrix, by A* the 
adjoint (complex conjugate transpose) of A e Af„(C), and by (-,•)€" the scalar 
product in C" associated with the standard Euclidean metric on C" (antilinear in 
the first and linear in the second factor). We recall that a matrix A S M„(C) 
is called nonnegative (respectively, nonpositive), ^ > (respectively, ^4 < 0) if 
{x,Ax)c^ > (respectively, {x,Ax)c^ < 0) for all x g C". Similarly, A is called 
positive (positive definite, or strictly positive), ^ > 0, if {x,Ax)c'i > for all 
X € C"\{0}. A principal submatrix of A is obtained by deleting k rows and 
columns, < fc < '^ ^ 1, which pairwise intersect at diagonal elements. Principal 
minors are determinants of principal submatrices. The rank, range, and kernel of 
A are denoted by rank(A), ran(A), and ker(A), respectively. 

We start with an elementary result on nonnegative matrices which will be useful 
at various places later on. 

Lemma 5.1 (Q, Ch. 7). Let A = {Aj^k)i<].k<n e M„{C) and assume A > 0. 

Then 

(i). A > if and only if all principal minors of A are nonnegative. In particular, 

all diagonal elements of A are nonnegative, 

Ajj > 0, l<j<n. (5.1) 

(ii). For all 1 < j,k < n, 

\A,,,\ < ^I]J^I < i(A,- , + A,,,), (5.2) 

in particular, if Ai^i = then the £th row and column of A are zero. 

(iii). Let a; G C" and {x, Ax)c" = 0. Then Ax = 0. 

(iv). Suppose rank(j4) — r < n. Then A has an r x r positive definite principal 

submatrix. 
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Next we briefly turn to (self-adjoint) matrix-valued measures. The ones to be 
used below will be of the type 

s(x) = / dn{x){i + a2)-i, s = (Ej, fe)i<,- fe<„, n = inj.k)i<j,k<n, (5.3) 

JM 

where Sj^fe, I < j,k < n are complex (and hence finite) Borel measures on M and 
^j,ki ^ l£ jik < n are complex-valued set functions defined on the bounded Borel 
subsets of M with the properties, 

(i). n{X) = {il.j^k{X))i<j^k<n C Af„(C) is nonnegative, il,{X) > 0, for all bounded 

Borel sets X C M, and n{(j)) = 0. 
(ii). Qj^ki^eenXe) = S^gN^j.fe(^£), 1 < J, fc < "■ for each sequence of disjoint 

Borel sets {X^j^gN C M with UeenXe bounded. 

Clearly, each diagonal element Sj j, 1 < j < n defines a positive (finite) Borel 
measure on M. In addition, we denote by 

(7*'- = trcn (E) = Sia + • • • + S„.n (5.4) 

the (scalar) trace measure of E and note that 

cr*''(X) = if and only if E(X) = (5.5) 

for all Borel sets X C M since by ( |5.2| ) each Sj_fe is absolutely continuous with 
respect to Ejj- -I- Sfe^fc and hence with respect to ct*'', 

Ej, fe < Ej- J + Efe^fc < CT*^ 1 < j. A: < n. (5.6) 

Below we will use the standard Lebesgue decomposition of matrix- valued measures 
with respect to Lebesgue measure on M, in particular, we will use the fact that 
fl — flac is purely absolutely continuous with respect to Lebesgue measure dX if 
and only if dQ{X) = P{X)dX for some nonnegative locally integrable matrix P on 



Matrix- valued Herglotz functions are now defined in analogy to Definition 2.1 
follows. 

Definition 5.2. M : C+ — > M„(C) is called a matrix- valued Herglotz function (in 
short, a Herglotz matrix) if M is analytic on C+ and Im(Af (z)) > for all z e C+. 

As in the scalar case one usually extends M to C_ by reflection, that is, by 
defining 

M{z)^M{z)*, zeC-. (5.7) 

Hence M is analytic on C\K but AfL and Af|^ , in general, are not analytic 



continuations of each other (cf. Lemma 5.6). Here we follow the standard notation 



Im(Af) = — (Af - M*), Re(Af) = -(M -f M*). (5.8) 

2i 2 

In contrast to the scalar case, we cannot in general expect strict inequality in 
Im(Af(z)) > 0. However the kernel of Im(A^(z)) has extremely simple properties. 
The following result and its elementary proof were communicated to us by Dirk 
Buschmann: 

Lemma 5.3. Let M{z) € Af„(C) be a matrix-valued Herglotz function. Then the 
kernel ker(Im(Af (z))) is independent of z E C+, in particular, the rank r of M{z) 



HERGLOTZ FUNCTIONS 



27 



is constant on C+. Consequently, upon choosing an orthogonal basis in ker(Af(2:)) 
and ker(M(z))^, ^^i^) takes on the form 



Mr{z) 

where Mr{z) is an r x r matrix-valued Herglotz matrix satisfying 

Im{Mriz)) > 0, r = n- dimc(kcr(Im(A/(z))), z e C^ 



M{z) = 



(5.9) 



(5.10) 

Proof. Denote N^ — ker(Im(Af (z))), z e C^. Pick a zq G C+ and suppose ^ 
Xq e Nzo- Consider the scalar Herglotz function m{z) = (xqi -^(■^)2o)c"- Then 
to(zo) G M shows that the Herglotz function m{z) — m{zQ) has a zero at z = zo € C+ 
and hence vanishes identically. Thus •m{z) equals a real constant for all z G C+ 
and hence 



= (£o,Im(Af(z))a;o)c" = \\{lm{M{z))f'^Xj,\\l„, z G Ch 



(5.11) 



yields 



xg G ker((Im(Af (z)))i/2) = ker(Im(Af (z))), 
N-,, and hence r = 



zgC+ (5.12) 

rank(Im(Af (z)))= n — 



since Ini(Af(z)) > 0. In particular 
(i\Tac{Nz) are independent of z G C+. Finally, suppose ker(Im(Af (zq))) = {0}. 
Then ker(Ini(Af (zi))) ^ {0} for some zi G C\{zo} would contradict the fact that 
dimc(ker(Im(Af(z)))) is constant for z G C+. Thus kcr(Ini(Af (z))) = {0} for aU 
z G C+ thereby completing the proof. D 



The following result, the analog of Theorem 2.2, is well-known to experts in 
the theory of self-adjoint extensions of symmetric operators and especially, in the 
spectral theory of matrix- valued Schrodinger operators, even-order Hamiltonian 
systems, and higher-order ordinary differential and difference operators. For rel- 
evant material we refer the reader, for instance, to^|-l8|, ]14|, Ch. 9, |17[ |, 
Sect. VI.5, p4l. Sect. 1.4, p5|, J^, J^, Jsctl, [pl pTf, pq]. Sects. Xni.5-XIH.7, 

M^^PT P_. 



Miisi 



119 , Ch. VI, 




mm 

Sects. 8-10. 



Chs. 7, 8, |101|, |116|, 



However, since proofs are not always readily available in the literature, we briefly 
sketch some pertinent arguments which essentially reduce the matrix case to the 
scalar situation described in Theorem 2.2. 



Theorem 5.4. Let M{z) G A'/„(C) he a matrix-valued Herglotz function. Then 
(i). Each diagonal element Mj,j{z), I < j < n of M{z) is a (scalar) Herglotz 
function. 

(a). M{z) has finite normal limits M{X ± iO) = limejo Af (A ± ie) for a.e. A G M. 
(Hi). If each diagonal element Mjj{z), 1 < j <n of M{z) has a zero normal limit 
on a fixed subset o/ M having positive Lebesgue measure, then M{z) — Cq, where 
Co — Cq is a constant self-adjoint n x n matrix with vanishing diagonal elements, 
(iv). There exists a matrix-valued measure fl on the bounded Borel subsets of M 
satisfying 



(c, dr2(A)c)c'. (1 + A^)-! < c» for all c G C' 



(5.13) 



such that the Nevanlinna, respectively, Riesz-Herglotz representation 

M{z) = C + Dz+ f dfl{\){{\ - z)^i - A(l + A2)-1), z G C+, (5.14) 
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C = Re(M(i)), D = lim (—M{irj)) > 
jjToo ^irj 

holds. 

(v). The Stieltjes inversion formula for 51 reads 

irj({Ai}) + irj({A2}) + r!((Ai,A2)) = 7r-ilim / ' dAIm(M(A + 2e)). (5.15) 

(vi). The absolutely continuous part Qac of fl is given by 

dQacW = TT^^Im{M{X + iO))dX. (5.16) 

(vii). Any poles of M are simple and located on the real axis, the residues at poles 
being nonpositive matrices (of rank r G {1, . . . , n}). 

Proof, (i) . Since for all x e C" , 

{x,M{z)x)c"- is a (scalar) Herglotz function, (5.17) 



the choice x = Xj = (a;j,i, . . . ,Xj^n) G C", Xj,e — 6jj in ( 5.17 ) proves (i). (Here 
"t" denotes the transpose operation.) 

(ii). Consider Xj — {xj.\, . . . , Xj.nf S C", Xj.i = Sjj and apply the polarization 
identity to (s -, M{z)x^), j ^ k to obtain 

Mj.ki^) = -^{{{xj+x,,),M{z){Xj +£/c))c" - i{xj-Xf,),M{z){Xj -£fc))c" 

+ iiixj ~ ix^), M{z){xj - ix^))c'- - i((£j + «2fe), M{z){Xj + i£fe))c")- 

(5.18) 

Combining (5.17 ), (|3.18 ), and Theorem |2.2| (i) then proves (ii). 

(iv),(v). By (5.17) and Theorem G|2(iii),(iv) one infers for all x £ C" the repre- 
sentation 

(2I,M(z)x)c" =c,+4z+ [ duj^{X){{X-z)-^-\il + \^)-^), (5.19) 

with 

duj^{X){l + X^)-^ < oo, (5.20) 



Cx = Re((x, M(i)x)ci), dx = lim(x, M{iri)x)c^ /{i-q) > 0. 



In addition, for (Ai,A2) C M, 

1 1 /"^^ 

-tj^({Ai}) + -uJx{{X2}) + uJx{{Xi,X2)) = n-^ lim / dAIni((x, Af (A + ie)x)c^). 

(5.21) 

The polarization identity for {x, M{z)y)cn then yields for all x,y ^ C", 

(x, M(z)y)c" ^C{x,y) + D{x,y)z 

+ / d^(ai,y)(A)((A - z)-i - A(l + X'r'), (5.22) 

where, in obvious notation. 



HERGLOTZ FUNCTIONS 



D{x,y) = -{d^+y 



£_—y ^ ^^x—iy 



^^x-\-iy ) •) 



1 



^fe y)({Ai}) + -^{x, y)({A2}) + n{x, y)((Ai, A2)) 



(5.24) 

(5.25) 



1 1 i 



1 Z % 

({Al}) - l^^x-y{{\l}) + -W^-j^dAi}) - -CJ3;+j^({Ai}) 



x—iy 



({A2}) 



-o;. 



x-\-iy 



({A2}) 



+ w2;+a((Ai,A2)) - u;^_j^((Ai,A2)) + it^3;_jy((Ai, A2)) - iwj;+ij^((Ai, A2)) 



Since C{x,y) and D{x,y) are symmetric sesquilinear forms and D(x,x) > for all 
a; S C", one infers 



for some 



Cix, y) = (x, Cy)c" , -D(£, y) = (x, £»2/)c 



C==C*eM„(C), 0<L»eM„(C). 



(5.26) 



(5.27) 



Similarly, using the obvious fact that Im((a;, M(z)x)c") — (ai, Im(-^'-^(2))^)c"j x_ € 
C", (|5.2lD then becomes 

/■A2 

(5.22) = (x,7r"Mim / dAIm(M(A + ie))y)c". 



(5.28) 



Arbitrariness oi x,y G C" then yields the representation (5.14) for M{z) and the 
Stieltjes inversion formula ( 5.15| ). That C = Re[M(i)) and Z? — lim^joo M{iri)/{iri) 
is clear from the corresponding properties in ( p.2C| ). 

(iii). Let X p C R be the fixed subset in (iii). Then by hypothesis, D = 0, il = 
using ( |5.14| ), ( ^.15[ ) and Im(M(A + iO)) = for A e Xq by Lemma Qii). Thus 
M (z) = C is constant with vanishing diagonal elements. 

(vi). Studying (x, Im(M(A + ie))x)c", x S C", one can follow the argument in 
|135| , Theorem 1.6(iv) step by step. 

(vii). First-order poles with nonpositive residues at isolated singularities of M{z) 
on the real axis follows from polarization, (5.17), and Theorem ^.2|(vi). D 



In the scalar case described in Theorem 2.2, isolated zeros of m{z) are necessarily 
simple and located on K. This can of course be inferred from the fact that —l/m{z) 
is a Herglotz function whenever m{z) is one (cf. (2.10)) and hence isolated poles of 
l/m{z) are necessarily simple. This reformulation concerning isolated simple real 
zeros of to(z) extends to the matrix case since we will show later on (cf. Theo- 
rem ^^(i)) that if M{z) is invertible on C+, then —AI{z)~^ is a Herglotz matrix 
whenever M{z) is one. Hence isolated poles of AI{z)~^ on R are necessarily simple. 

It should be remarked at this point that Theorem 5.4 (iv) as well as Theo- 
rem p^iii) below, are well-known to extend to infinite-dimensional situations under 
appropriate hypotheses on M{z). We will return to this circle of ideas elsewhere. 

Due to (5.6), Theorem E|3(i)-(vi) and Theorem 2.4(i) extend to the present 
matrix- valued context with only minor modifications. For later reference we sum- 
marize a few of these extensions below. 

Theorem 5.5. Let M{z) G M„(C) be a matrix-valued Herglotz function with rep- 
resentation ( ^.14 ). Then 
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(i). For all A e R, 

limeRe(M(A + ie)) = 0, (5.29) 

n(\X}) =limeIni(M(A + ie)) = -ilimeM(X + ie). (5.30) 

(ii). Let L > and suppose < Ini(Af(z)) < LI„ for all z e C+. Then D — 0, fl 
is purely absolutely continuous, fl — flac? o,nd 

< — — = TT^i limIni(A//(A + ie)) < tt^^LI^ for a.e. A G R. (5.31) 

d\ eiO 

(Hi). Assume M{z) is invertible for all z G C+. Then there exist Sj,fc G i°°(R), 
1 5: J, fc < "■; < 5 < Ai a.e., such that 



\n{M{z))=K+ d\E{X){{X-z)-^-X{l + X^)-'^), z e C+, (5.32) 

K = Re(ln(Af (i))), 



where 



S(A) = TT-^ limIni(ln(Af (A + ie))) for a.e. A G M. (5.33) 



Proof of (Hi). We briefly sketch an approach by Carey |2^ (designed for the infinite- 
dimensional context). Define ln(2) with a cut along (— cx),0] such that ln(A) is real- 
valued for A > 0, that is, < arg(ln(z)) < n for all z e C+. Since by hypothesis 

^ cr(M(z)), z E C+, one can define ln(A/(z)) for z E C+ by 





-1 



\n{M{z))= dX{{X-M{z))-'-X{l + X^)-'). (5.34) 

-' — oo 

Next, introducing ln(z;r/) = ln(z -|- irj) for 77 > 0, In^-^rj) is analytic on C+. De- 
noting by VF(A) the numerical range of A e A/„(C) (i.e., VF(A) = {{x,Ax) \x E 
C", ll^llc" = 1}), a theorem by Kato |8| relating W{A) and W{f{A)) for analytic 
functions / on closed domains conformally equivalent to D (the closure of the open 
unit disk D E C), applied to ln(2; rj) for z E C+, yields 

W{ln{M{z);7])) C {C e C+ | < lm(C) < tt}, zE C+, (5.35) 

that is, 

< lm(ln(M(z); 77)) < 7r/„, z E C+. (5.36) 

Continuity of \n{A;ri) with respect to 77, lim,,|o ln(^; 77) = ln(A), for A E Mn{C) 
nonsingular, then yields 

< lm(ln(M(z))) < 7r/„, z E C+ (5.37) 



and one can apply part (ii) (as in Theorem 2.3). D 



Finally we state the matrix analogs of Lemmas 2.5 and 2.6, the proofs of which 
we omit since they are essentially identical to the scalar case. 

Lemma 5.6. Let M he a Herglotz matrix with representation ( ^.14| ) and (Ai, A2) C 
R, Ai < A2. Then M can be analytically continued from C+ into a subset of 
C_ through the interval (Ai, A2) if and only if the associated measure 51 is purely 
absolutely continuous on (Ai,A2), w , , = fl , , , and the density fl' > 
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of Q is real-analytic on (Ai,A2). In this case, the analytic continuation of M into 
some domain I?_ C C_ is given by 

M{z) = M{zy + 2nin'{z), z€V^, (5.38) 

where fl'{z) denotes the complex- analytic extension ofn'{X) for A G (Ai,A2). In 
particular, M can be analytically continued through (Ai,A2) by reflection, that is, 
M{z) = Af (z)* for all z G C_ if and only if Q. has no support in (Ai, A2). 

Lemma 5.7 (Pq]). Let M be a Herglotz matrix and (Ai,A2) C R, Ai < A2. Sup- 
pose linie^o Re(Af (A + is)) — for a.e. A € (Ai, A2). Then M can be analytically 
continued from C+ into C- through the interval (Ai, A2) and 

M{z) = --M{z)*. (5.39) 

In addition, Im(M(A + zO)) > 0, Re(M(A + iQ)) = for all A e (Ai, A2). 

6. Support Theorems in the Matrix Case 

The principal aim of this section is to prove a support theorem for U,ac in 
connection with the matrix analog of the Aronszajn-Donoghue theory (cf. The- 



orem B.2(i),(ii)) 



Supports S'n, topological supports Sf^, and minimal supports (with respect to 



Lebesgue measure on M) of matrix- valued measures such as Vi in ( p.3[ ), (5.3) are 
defined as in the beginning of Section 0. Because of ( |3.5[ ) , in discussing supports of 
the matrix measure il, we will occasionally replace fi by the (scalar) trace measure 
w*'' — trc"(r2). For pure point measures, 17 = ^pp, we again consider the smallest 
support. If a pure point measure O = fipp contains no finite accumulation points 
in its support we call it a discrete point measure and denote it by 17^. 

In order to capture spectral multiplicities in the matrix- valued case in connection 
with applications to differential and difference operators we introduce the sets (1 < 
r < n) 

Sn^^^r == {A e M I lim Af (A -\- ie) exists finitely, rank(Im(Af (A + iO))) = r}, (6.1) 

n 

Sn^^ - U 5o„.,., (6.2) 

5'n„,r = {AeM|rank(lim£Af(A + ie))=r}, 1 < r < n, (6.3) 

n 

Sflpp = [J 'S'Opp,r, (6.4) 

r=l 

Sn, ={AeK|limIm(trc"(Af(A + ie))) = +00}, (6.5) 

Sn^, = {A e SnJ\imetrc^iMi\ + ie)) = 0}, (6.6) 

Sn^Sn^^USn^,. (6.7) 

(Here existence of matrix limits are of course understood for each individual matrix 
element.) Thu s, Sn^^,r, Sa^^.r', 6*0,^ are all disjoint for any 1 < r,r' < n. 

As in (pM we define the equivalence classes £{^ac) and £r{^ac) of Sn^^ and 



Snac,r, I < r < n with respect to the equivalence relation (3.1) (with v representing 
Lebesgue measure on K and /i — flac)- 
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The following result is analogous to Theorem 3.1 in the scalar case and can be 
reduced to it by studying the trace measure w*'' of Q. 

Theorem 6.1. Let M be a matrix-valued Herglotz function with representations 

(|t|) and ( |5.32D . Then 

(i). Sn^o *'5 '^ minimal support offlac- 

(a). Sfi^^ is a minimal support of flsc- 

(Hi). Sn is the smallest support of^pp. 

(iv). Sfi is a minimal support offl. 

(v). If in addition M[z) is invertible for all z G C+, then 

Sac = {A e S'o„^ I ln(M(A + zO)) exists finitely and < tr(S(A)) < n} (6.8) 

is a minimal support ofQac- 

Proof of (v). By definition, Sac\Sn^^ = 0. Next, suppose tr(S(A)) equals or 
n. Then one concludes from < S(A) < /„ for a.e. A S M (cf. Theorem 5.4 (iii)) 
that Im(ln(M(A + iO))) = or Im(ln(-M(A + iO))) = 0, that is, ln(M(A + iO)) or 
ln(— Af (A + iO)) is self-adjoint. Taking exponentials, M{X + iO) is self-adjoint and 
hence 

Im(Af (A + iO)) = for A e {;/ e R I tr{E{iy)) e {0, n}}. (6.9) 

Thus, abbreviating Lebesgue measure on R by | • |, one infers 

|'5't2„^\S'ac| — |{A e Suac I either Im(ln(Af (A + iO))jj) does not exist finitely 

for some 1 < j < n, or tr(S(A)) G {0,7i}}| 
= |{A e Sfi^^ I Im(ln(M(A + iO))jj) does not exist finitely for some 1 < j < n}\ 
= (6.10) 



by (|6JD, the fact that A G Sn^^ implies Im(Af (A + iO)) > 0, and Theorem p.4|(ii) 
(applied to ln(M(z))). Thus, |S'acAS'si„^| = and since ilac is absolutely continu- 
ous with respect to Lebesgue measure | • |, also flaciSac^Sn^J = 0. Consequently, 
Sac and Sn^^ are equivalent minimal supports for flac, Sac ^ Sn^a- I— ' 



In order to prove the analog of Theorem |3.2| (i) in the matrix- valued case, that is, 
the stability of the min imal support Sn^c with respect to li near fractional transfor- 



mations (generalizing ( 2.11 ) to the matrix case as in ( p.22|) ), we need to introduce 
a bit of preparatory material. 
Define 

J..- [I -',-), (6.11) 

A2n = {Ae M2n{C)\A*J2nA = Jsn}. (6.12) 

Representing A e M2„(C) by 

A=f ^I'l ^''^ ] , Ap^, G Af„(C), 1 < p, 9 < 2, (6.13) 



the condition A* J2nA — J2„ in (6.12) explicitly reads 

A11A2.1 = A2iAi,i, A^iAx.i — A12A2.2, 

^2,2^1,1 - ^1,2^2,1 = /„ = ^1,1^2,2 - ^2,1^1.2, (6-14) 
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or equivalently, 



^2.2 -K2 \ ( ^1,1 ^1,2 

-A*2S Kl J V ^2,1 ^2,2 



(6.15) 



(6.16) 



Since left inverses in Af2n(C) arc also right inverses, ( 6.15 ) implies 

( ^1,1 Al.2 \ / A5,2 -K2 \ _ r 
V ^2,1 ^2,2 ) \ -Al, Al, ) '2n, 

that is, 

Al,lAi2 — Ai,2Ai I, A2.2A2 I = A2^lA22, 

A2,2Ali - ^2,1^1,2 = ^ = ^1,1^2,2 - ^1,2^2,1' (6-17) 

or equivalently, 

AJ2nA* = J2„. (6.18) 

In particular, 

A e A2n if and only if A^^ e A2n- (6.19) 

Next, let A — {Ap_q)i<p_q<2 G A271 and suppose M e M„(C) is chosen such that 
ker(^i 1 + A1.2M) = {0}, that is (Ai.i + Ai,2M) is invertible in C". Define (cf., 
e.g., I^) 



Ma{M) = (^24 + ^2,2M)(^ia + ^i,2M)-i (6.20) 

to observe 

Mi^^{M) = M, 

Ma{Mb[M)) = Mab{M), (6.21) 

M^(M) = M^B-i(AfB(M)), 

whenever Af^(M) and Mb{M) exist. 

We are particularly interested in the case where AI in ( |6.20 ) equals an n x n 
Herglotz matrix M{z). In this case the existence of (^1,1 + yli.2M(zo))^^ for 
some zq € C+ and analyticity of M{z) on C+ proves that (^i.i + Ai^2M{z))^^ is 
meromorphic on C+. However, since later on we are interested in analyticity of 
Ma{M{z)) for all z e C+, we will usually assume that ker(yli_i + Ai^2M{z)) = 
{0} for all z e C+. Moreover, in a slight abuse of notation, we shall abbreviate 
Ma{M{z)) by 

Ma(z) = {A2a+A2,2M{z)){Ai,i+A^,2M{z))-\ AeA2n, ^ G C+ (6.22) 

from now on. 

We start with a series of results concerning linear fractional transformations of 
the type ( |6.22| ). 

Lemma 6.2. Suppose A = (^p,g)i<p,g<2 G A2n and M e M„(C) with Im(M) > 0. 
Then 

ker(Ai,i + Ai,2M) C ker(Im(Af )). (6.23) 

In particular, 

Im(M) > implies ker(yli4 + ^1^2*/) = {0}. (6.24) 
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Proof. Suppose the existence of an Xq £ C"\{0} such that 

(Ai.i + Ai,2M)xo = 0. (6.25) 

Then 

(zo,Im(Af)xo)c" = (2i)"^(feo'^^^o)c" - (A^2o'^o)c") 

= (2i)-i((xo, iAl,A2,2 - Al,Ai^2)Mx^)c^ - i{Al,A2a - AI^Ai,2)Mj^,j^)c^) 

= {2iy^ {{Ai^iXq, A2,2MXfj)c'^ + (xq, A2,i^i,i2o)c" - (^2,2^^0, ^i4^o)c" 

= (2i)-i( - iAi,2Mxo,A2,2Mxo)c'^ + {A2,2Mxo,Ai,2Mxo)c^) 

= {2i)-\Mx^, [AyAi^2 ~ A*_2A2,2)Mxo)c" - 0, (6.26) 

where we repeatedly used (|6.14 ) and ( |6.25 ). Since Ini(Af ) > by hypothesis, ( |6.26 ) 
yields Im(M )xo = and hence ( |6.23[) . D 

Lemma 6.3. Suppose A — (Ap_g)i<p_g<2 e A2n, M e A'f„(C), and ker(Ai.i + 
Ai,2M) = {0}. Define 

Ma = (^2,1 + A2,2Ai")(^i,i + Ai^2M)-\ (6.27) 

Then 

Iuy{Ma) = ((^1,1 + Ai,2M)"i)*Ini(M)(yli,i + ^i.aM)-!. 



(n). 



(in). 



(^2.2 - ^1,2^'^^) (^1,1 + ^1.2M) = In, 

ker(A;.2 ~ AI^Ma) = {0}. 



(6.28) 

(6.29) 
(6.30) 



M - -(A;^i - AI^Ma){AI^ - Al^MAr\ (6.31) 

Im(A'f) = ((A;.2 - AJ,2A^A)"^)*Im(MA)(A; 2 - A^-^MaY^. (6.32) 

Proof, (i) is a st raigh tforwa rd co nsequence of ( |6.27|) and (|6.14| ). (|6.29 ) is a simple 
conse quenc e of (6.27 ) and (|6.30|) follows from ( 3.29| ). (iii) is readily derived from 
(|I|) and ( |6!27|) . D 



Applying Lemmas x2 and 6^ to Ma{z) in ( |6.22D then yields the following result. 

Theorem 6.4. Assume A = (Ap_q)i<p_g<2 G -42n, let M{z) be an n y. n Herglotz 
matrix, and suppose ker(Ai.i + Ai,2Af(z)) = {0} for all z € C.)-. Define Ma{z), 
z e C-i- as in (3.22). Then 
(i). Ma{z) is an n y. n Herglotz matrix and 

Im(MA(z)) = ((Ai,i + Ai,2Af (z))-i)*Im(Af (z))(Aia + ^li^aAf (z))-i > 0, (6.33) 

ze C+. 

(a). For all z G C+, 

(^2,2 - AI^Ma{z)){Aia + Ai.2M{z)) = In, (6.34) 

ker(A*,2 - AI^Ma{z)) = {0}, (6.35) 

M{z) = -{A^^ - AI^Ma{z)){AI^ - Al^MA{z)r\ (6.36) 
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Im(M(z)) = {{Ay ~ Al^MA{z))-^rim{MA{z)){Ay - Al^MA{z)r\ (6.37) 

Proof. Assertions ( 6.33| )-( |6.37 ) are clear from Lem mas 6.2 and |6.3| . Since M{z)* = 
M{z) clearly implies Ma{z)* = M^(z) by (|6.14[) , Ma{z) is an n x tt, Herglotz 
matrix. D 



We note in connection with Lemma 5.2 and Theorem 



that 



Im(M(2:o)) > for some zq € < 
implies \qx{Ai.\^ Ai.2M{z)) 



{0} for all z e 



(6.38) 



by (|6.24|). 

Remark 6.5. The condition A e A2n in the definition ( |6.22| ) of A/^(z) for Ma{z) to 
be a Herglotz matrix (assuming Af (z) to be a Herglotz matrix) is not a necessary 
one. As discussed in detail by Krein and Shmulyan |102|, the condition A G A2n 
in Theorem 6.4 can be replaced by the pair of conditions 

iA*J2nA> icJ2n, iAJ2nA* > icJ2n (6.39) 

for some c > 0. In a sense, by using the condition A e A2m we chose equality 
in (3.39) (and c — 1). From the point of view of applications of matrix Her- 
glotz functions to spectral theory of matrix Schrodinger and Jacobi operators and 
more generally, even-order Hamiltonian systems, with various boundary conditions 
involved, our restrictive hypothesis (6.12) is sufficiently general to cover all such 
cases. Pertinent references to spectral theory for even-order Hamiltonian systems 
are, for instance. 



, Ch. 9, 



7£ 



36- 



Chs. 7, 8, |ld, |120|, 



129 1 131 1 and the literature cited therein. 



Finally, we turn to E{Q.A,ac) and Er{^A,ac) the equivalence classes of Sha ac and 
'S'oA.ac.r) '^ < r < n associated with Ma{z), A G A2n (cf. (3.1) and the paragraph 
following Theorem 6.1). We recall that £{Vtac) and £r{^ac) are the corresponding 
equivalence classes of S^^^ and Sii^^^r, 1 < r < n associated with M{z) (cf. (6.1), 
(^)). We also recall {cl"^^)) 

MA{z)^{A2A+A2,2M{z))iAi^i+Ai^2M{z))-\ A e A2n, z e C+ (6.40) 

and its general version 

Ma{z) - {{AB-' 



2,i + {AB-%,2Mb{z)){{AB-')ij 



{AB-%^2Mb{z))-\ 
A,B eA2n, zeC+. (6.41) 



Our principal result on the absolutely continuous part of flA, the matrix analog 
of Theorem 3.2 (i)-(iii), then reads as follows. 



Theorem 6.6. Let M{z) and Ma{z), A = (^]9,g)i<p,g<2 G A2n be Herglotz matri- 
ces related by (6.40|) assuming ker(Ai^i + Ai,2M{z)) — {0} for all z G C+. Let il 



and D,A be the measures associated with M{z) and Ma{z), respectively. Then 
(i). For all A G A2n, 

er{nA,ac)^£r{^ac). 1 < r < n, (6.42) 

£{nA,ac) = £{^ac), (6.43) 

that is, £r{^A,ac), 1 < r < n and £{D,A,ac) are independent of A G A2n (and hence 
denoted by £ac,r, 1 < r < n and £ac below) and flA.ac ^ ^ac for all A G A2n- 
(a). Suppose Qb is a discrete point measure, Qb = ^B,d, for some B G A2n. Then 
Q,A — i^A,d is a discrete point measure for all A G A2n- 
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(Hi). Define 

S* = {A G K. I there is no A (z A2n for which Ini(M^(A + iO)) exists and equals 0}. 

(6.44) 

Then S € Sac- 

Proof, (i). Define 

SA,r = SnA,aa.. n {A e M I Af (A + iO) exists finitely}. (6.45) 

Then Theorem p^ii) yields 

\SnA...ASA,r\ = 0, (6.46) 



where | • | abbreviates Lebesgue measure on M. Since by ( 6.34 ), 

(^14 + Ai,2M{X + iO))-i = Ay - AI^Ma^X + iO) exists for A e SA,r, (6.47) 
(Ai,i + Ai,2M(A + iO))-i : C" ^ C" is a bijection for A G 5^^,,. and ( |6^ yields 
lm{MA{X + iO)) (6.48) 

= ((^14 + ^i,2Af (A + zO))-i)*Im(A/(A + zO))(Ai,i + ^i^2A/(A + tO))-\ 

X G SA,r 

and hence 

rank(Im(A'/A(A + iO))) = rank(Im(A/(A + iO))), A G SA,r- (6.49) 

Thus, 

SA,r ^ <5'o„,r- (6.50) 

Similarly, defining 

Sr = Sn^^,r n {A G K I Ma{X + iO) exists finitely}, (6.51) 

then 

|5f2„..r\^r| = 0. (6.52) 



By (6.34) we conclude the existence of 

(A;2-^i,2^'^A(A + iO))-i = (Ai,i+yli,2Af(A + iO)), A G 5^ (6.53) 

and hence {A^2 - Al^MAiX + iO)y^ : C" -^ C" is a bijection for A G Sr. Thus 
(1^3^) yields 

Im(Af(A + iO)) (6.54) 

= ((^2,2 - K2Ma{X + iO))-^yim{MAiX + iO))(A*_2 - AI^Ma{X + iO))-\ 

XeSr 

and consequently, 

rank(Im(Af (A + iO))) = rank(Im(AfA(A + «0))), A G Sr- (6.55) 

Thus, 

Sr Q Sn^^^^^r- (6.56) 

By (lel^ ), (leisol) , (leis^ ), and (leis^ ), 

l^n^ „.,rA5n„,,r| - 0. (6.57) 
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(|^ yields 



are absolutely continuous with respect to Lebesgue measure 



^A5o 



^aciSnA.aa.r^Sn^ 







(6.58) 



proving ( 3.42 ). Equality ( 3.43) is t hen o bviou s from ( 6.42 ) and (6.2). 

(ii). Part (ii) follows from ( 6.41 ) (cf. ( 3.21 )) and the fact that J^a = ^A,d if and 
only if Ma{z) is meromorphic on C 

(iii) . We follow the proof of Corollary 1 in iQ in the scalar case n = 1. Since 
by hypothesis Im(Af (A + iO)) > for all A E Sn^^ one concludes from (3.23) that 
ker(yli4+v4i,2M(A + iO)) = kcr(Im(Af (A + iO))) = {0} and hence Im(MA(A + iO)) > 
for a.e. A e Sq^^ and all A e A2n by ( 6.33 ). Thus, one computes 

\SnAS\ = |{A e Sn^^ \ there is an Ax G ^2„ s.t. Im(MA,(A + zO)) = 0}| = 0. 

(6.59) 

Similarly, 

l'S'\'5'o„, I = |{A e M I there is no A e A2n s.t. Im(AfA(A + iO)) = exists 

and either Af (A + iO) does not exist, or M{\ + iO)jj exists 

and equals oo for some ^ < j < n}\ 

< |{A € K. I either Af (A + iO) does not exist, or Af (A + iO)j.j exists 

and equals oo for some 1 < j < n}| = (6.60) 

one infers r2ac('S'r2„^ AS*) 
D 



by Theorem |5.4|(ii). Thus |S'o^^A5'| = 0. Since flac < 
= and hence S ~ S^^^, or equivalently, S S Sac- 



Mi{z) 



Remark 6.7. One might ask whether the first part of Theorem 3.2 (iv) extends to 
the matrix-valued situation. However, the simple counter example 

m(z) \ , r / \ » r / \-i f —m(z)^^ 

—m(z) J \ m[z) 

(6.61) 

with m{z) a scalar Herglotz function with representation ( p.l5| ) and uipp ^ or 
uJsc 7^ 0, immediately destroys such hopes since the measures ili and Q2 corre- 
sponding to Afi(z) and M2{z) are clearly equivalent. 

Remark 6.8. Theorem |6.6| (i) is quite familiar in the context of finite-rank pertur- 
bations of the resolvent of a self-adjoint operator in a (complex, separable) Hilbert 
space. For instance, the absolutely continuous (ac) parts of self-adjoint extensions of 
a densely defined symmetric operator with deficiency indices (n, n) are all unitarily 
equivalent. In particular, their absolutely continuous spectra and the multiplicity 
functions (associated with the ac spectra) coincide, which is essentially (6.42) and 



( 3.43| ). However, even-order Hamiltonian systems do not necessarily have such an 
underlying Hilbert space formulation (cf., e.g., [Q-H, |0, [|8|, |12C] and the 
literature cited therein) and in these cases Theorem p^(i) appears to be an ideal 
tool for identifying ac spectra associated with D,a- 

As in the scalar case, the relationship between Im(ln(AfA(^))) (respectively, 
Sa(A)) and Im(ln(Af (z))) (respectively, S(A)), analogous to ( |6.40 ), in general, is 
quite involved. The special case A = J2„, that is. 



Ma{z) = -M{z)- 



(6.62) 
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however, is particularly simple and leads to the analog of (3.25), 



Sj,„(A) = /„ - S(A) for a.e. A e M. (6.63) 



The analog of Lemma 3.3 in the present matrix- valued context appears to be 
more involved. 

7. Applications of Matrix- Valued Herglotz Functions 

In this section we extend some of the applications of scalar Herglotz functions 
in Section |j to the matrix-valued context. In particular, we will study self-adjoint 
finite-rank perturbations of self-adjoint operators, Friedrichs and Krein extensions 
of densely defined symmetric operators bounded from below with finite deficiency 
indices, and a class of Hamiltonian systems on a half-line. Throughout this section 
we closely follow the setup in Section H In particular, we omit proofs whenever 
they parallel the corresponding scalar situation and focus on those arguments which 
require new elements when compared to Section 0. 

Before we enter a discussion of these three cases, we briefiy digress into the 
definition of L^-spaces with underlying matrix- valued measures (see, e.g., Mm, 



Sect. XIII. 5, |119|, Ch. VI). Suppose il = {^hk)i<j,k<n generates a matrix-valued 



measure on an interval A C R as in (5.3)-(5.6) with w''" = X]?=i ^jj' ^^^ corre- 



sponding scalar trace measure. Let f — (/i, . . . , /„)* £ Co(A)", where "t" abbrevi- 
ates transpose and Co (A) denotes the set of complex- valued continuous functions 
of compact support contained in A. On Co(A)" we define the inner product, 

n „ 

(/,ff)o= E / '^^^.'^■W/^W^fcW' f,9^Co{Ar. (7.1) 



j,k=i •'^ 



The Hilbert space L (A; dfi) is then defined as the completion of Co (A)" with re- 



spect to the norm || • ||o induced by (7.1). A perhaps more useful, though equivalent, 
characterization of L^{A; dfi) can be obtained as follows. Introduce the density ma- 
trix p, 

p(A)-(p,-,(A))^<^.,<„, p^.,(A) = ^(A), j,fc = l,...,n. (7.2) 



Consider all complex-valued fj : A ^ C such that ^^- ^.^i fjWpj.kWfkW > 

is w''' integrable over A and define 7i(A) as the set of equivalence classes / = 

(/i, . . . , /„)* modulo fi-null functions. (Here g = (51, ... , 5„)* is defined to be an O- 

nuU function if Jj^dw'^'^ {X){J2^ k=i 9jWPj,kW9kW) — 0.) This space is complete 
with respect to the norm induced by the scalar product 

(iDniA) ^J^du*''w[j2 7~iX)p,A^)gkiX?j, Lg^n{K) (7.3) 

and coincides with L^(A; dVi), 



^j,k=i 



n{h)=L\K;dn). (7.4) 

Now we turn to self-adjoint finite-rank perturbations of self-adjoint operators. 
Let 7i be a separable complex Hilbert space with scalar product (•, •)-h, i?o a self- 
adjoint operator in Ti (which may or may not be bounded), and {/i, ...,/„} C 7i an 
orthogonal generating basis for Hq (i.e., {fj,fk)H ~ Sj^k, j,k = 1, . . . ,n and H ~ 
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linspan{(i7o - z^^fj € H | j = 1, . . . , n, z e C\R} = linspan{^o(A)/j e W | j = 1, 
. . . ,n, As R}, Eq{-) the family of orthogonal spectral projections of Hq). Intro- 
ducing the self-adjoint diagonal matrix 

a = (aj6j,k)^^^j,^^, Qfj- e M, j == 1, . . . , n, (7.5) 

we use the notation 

c = (ci, . . . ,c„)* e C", ac = (aici, . . . ,a„c„)*, etc. (7.6) 

Moreover, we define 

n 

K:C"^n, c^5]c,/„ (7.7) 

K*:n^C^, f^{{hJ)n,---AfnJ)nY (7.8) 

and note that 

n 

KaK*=Y,a,{f,,-)nfj- (7.9) 

After these preliminaries we can define the self-adjoint finite-rank perturbation of 
i^oby 

n 

H^ = Ho + KaK* =Ho + J2 "j if J ' 'Mj , (7.10) 

with V{Ha) = V{Ho), aj e R, j = 1, . . . , n. Denoting by ^^(A), A e M the family 
of orthogonal spectral projections of Ha one introduces 

na{x) = {na,j,kW),<,.k<n^ dna,j,kW = {fj,dE^{x)fk)n, 

dnaj.kW ^ {fj,fk)n'^Sj^k, j, /c = l,...,n. (7.11) 



By the canonical representation of self-adjoint operators with finite spectral mul- 
tiplicity (cf., e.g., [119|, Sect. 20), Ha in H is unitarily equivalent to H^ in Ha = 
L'^{R;dna), where 

{HagKX) = XgiX), geV{Ha) = L\R:{l + X^)dQa), (7.12) 

Ha^UaHaUa\ H ^ UaL"" (R; d^a) , (7.13) 

with Ua unitary, 

Ua.'Ha= i^(R; d^a) ^ U, (7.14) 

5 -> (t^a.9) = s-lim V / d{Ea{X)f,)g,{X), g = {g^, ■ ■ ■ ,9nY e L\R;dn). 

Moreover, 

fi = Ual^, /^.(A) = ((5,-i,...,<5j-„)*, AeR. (7.15) 

The family of spectral projections Ea{X), A G R of Ha is then given by 

{Ea{X)g){fi} = e{X - n)g{n) for r^^-a.e. /i G R, ge L^(R; d^a). (7.16) 

Introducing the matrix-valued Herglotz function 

Ma{z) - ((e^,X*(i/„ -z)-iXe,)c")i<^,,<„ = ((/„ (i/. - .:)-Vfc)«)i<,,,<„ 
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ze C_i 



with 



(7.17) 

(7.18) 
(7.19) 

(7.20) 



Cj = ((5j,i,...,,5j,„)* eC", j = l,...,n, 
one verifies 

Mfiiz) = A/„(z)(/„ + {P- a)Mo^{z))-\ 

a = ("j'^J.fc)i<j.fe<„' /3 = (/^/j,fc)i<j,fc<„' "J'^J e R, i = 1, ■ • ■ 
A comparison of ( 7.19 ) and ( 6.40| ) suggests the introduction of 

a = (aj'5j,fe)i<^-;,<„, = (/3j'5j\fc)i<j,fc<„' "i'/^J ^^^ i = 1, ■ ■ ■ ,«■ 

In particular, Theorem |6.6| applies (with Ai^i{a,0) — A2.2{a,P) = In, ^i,2(a,/?) = 
/3-a, ^2,1 («,/?) = 0). 

If {/i, . . . , /„} is not a generating basis for Ho, then H decomposes into H = 
rr ® H"'^, with H" = linspan{(i7o - z)-'^fo | z G C, j = 1, . . . , n} separable and 
7i", Ti"'-*- reducing subspaces for all Hg . Th e part g " of iJ^ in 7i" then plays the 
role analogous to -ff^ in the context of ( 4.11 )-( 4.16 ). 

Introducing the following set of Herglotz matrices 

_^«xn ^ ^^j . (^^ ^ ^^^j.^ Herglotz | M(z) = / df7(A)(A - z)-\ 



for aU c e C", /(c, dO(A)c)c" < oo}, 



(7.21) 



we now turn to a realization the orem for Herglotz matrices of the type (7.17) and 



state the analog of Theorem 4.1 



Theorem 7.1. 

(i). Any M G A/""^" with associated measure Vi can he realized in the form 

M{z) = ((e^,X*(i/-z)-iXe,)c")i<,,,<„ 

= ((/„(i/-z)-iA.)^) !<,-,.<„, ^eC+, (7.22) 

where H denotes a self-adjoint operator in some separable complex Hilbert space Ti, 
{/i, • ■ • , fn} C H, ifj, fk)n = 5j,k, j,k^l,...,n and 



dn{\) = {\\f,f^s,^k). 



^j-,k<n' 



(7.23) 



(a). Suppose All G A/""^" with corresponding measures fli, i? = 1, 2, and Mi ^ A/2. 
Then Mi and M2 can be realized as 



Mt{z) = ((e,,X*(H, - z)-'Ke„)cr^)^ 
= ((/„(i?,-z)-V,.)„)^< ,<„, £=1,2, ZG 



^j^k<n 



l<j,fc<n' -—-'"' -^ - --+' (7.24) 

where Hi, i — 1,2 are self-adjoint finite-rank perturbations of one and the same 
self-adjoint operator Hq in some complex Hilbert space Ti. (which may be chosen 
separable) with {/i, ...,/„} C 7Y, [fj,fk)H = ^j,k, j,k = l,...,n, that is, 



He^Ho + KaeK* = Ho + ^ a,,j(/j, ■)nfj 



(7.25) 
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for some ai = ("^j'^j,fe)i<j,fc<„; "^ j G M, j = 1, . . . , n, £ = 1, 2, if and only if the 
following conditions hold: 



dn,{X) =. / dn^ix) = i\\f&j,k),^^ ,,<„, (7.26) 

and for all z G C+, 

M2(z) = Afi(z)(/„ + {\\mnhk),^^^,^„{a2 - a^)A'h{z)y\ (7.27) 



Since the proof parallels that of Theorem 4.1 step by step we omit further details. 

It is possible to extend this formalism to more general classes of (possibly un- 
bounded) symmetric finite-rank (form) perturbations of \Hq\, see, for instance, [^ 
and the references therein. 

Next we turn to a characterization of Friedrichs and Krcin extensions of densely 
defined operators bounded from below with deficiency indices {n,n) (see also ^, 



|35|, J37[, [^, |43, |00|, ll37|, |40|-ll42|) 



We start by describing a canonical representation of densely defined closed sym- 



metric operators with deficiency indices (n, n) as discussed in [119| (in close analogy 
to the scalar case treated in detail by Donoghue |Q). Let 7i be a separable complex 
Hilbert space, H a closed densely defined symmetric operator with domain 'D(H) 
and deficiency indices (n, n) . Let 

Ua ■■ ker(iJ* -i)~^ ker(i/* + i) (7.28) 

be a linear isometric isomorpism and parametrize all self-adjoint extensions Ha of 
H according to von Neumann's formula by 

Haig + (1 + Ua)u+) =Hg + z(l - C/„)u+, (7.29) 

ViHa) - {(5 + (1 + Ua)u+) e V{H*) I g e V{H), u+ e keriH* - i)}. 

In order to resemble the notation employed in Section 0, we think of 2a as a 
self-adjoint matrix representing Ua — e^*" g U{n) with respect to fixed bases in 
ker(iJ* =p i). (Here U{n) denotes the set of unitary n x n matrices with entries in 
C) Next, we assume that {u+j}i<j<„ is a generating basis for H^ for some (and 
hence for all) e^'" € U{n). Let Ea{-) be the corresponding family of orthogonal 
spectral projections of Ha and define 

dTa{X) = {dTaJ,k{X))i<j^k<n' d.Ta,j,k{X) = {u+^j , dEa{X)u+^k)n, 

dTa.j,kiX)^iu+.j,u+,k)n=Sj.k,, j,k = l,...,n, e^'" e C/(n). (7.30) 

Then Ha is unitarily equivalent to multiplication by A in L^(M; dTa) and u+j can 
be mapped into the vector (^j,i, . . . , Sj^nY. However, it is more convenient to define 

dna{X)^{l + \^)dTa{\): (7.31) 

such that 

?^T = ^«' / fe dQaimo^ = oo for aU c e C"\{0}, e^" e C/(n) (7.32) 
1 + A^ J„ 



(by ( 7.30 ) and the fact that u^j ^ 'D{Ha))- Thus, Ha is unitarily equivalent to 
Ha in Tia — L'^{R; dfla), where 

(ff„ff)(A) == A5(A), geV{Ha) = L\R;{l + X'')dQa), (7.33) 
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i?a - U^H^U-\ n = U^L''{R;dn^), (7.34) 

with Ua unitary, 



g^Uag^ s-lim V / d{Ea{X)u+j){X - t)gj{X), (7.35) 



n ^AT 

N 

igi,...,gny eL'{R;dna). 






Moreover, 

u+.j = UaU+.j, ^+,i(^) = ('^ ^ *)~^Si' i = I7 • ■ • , "• (7.36) 

and 

(il(a)5)(A) - Ag(A), (7.37) 

g e P(J?(a)) = {^ e V{B^) I /(e,, dr!„(A)^(A))c" = 0, j = 1, . . . ,n}, 

R 

where e ■ has been defined in ( [7.18 ) and 

H = Uc.H{a)U^\ (7.38) 

Thus H{a) in L^(M; dwc) is a canonical representation for a densely defined closed 
symmetric operator H with deficiency indices (n, n) in a separable Hilbert space Ti. 
and a generating basis {u+j e ker(_ff* — i)}i<j<n- We shall prove in Theorem 7.2 
below that H{a) in L^(M; dfic) is actually a model for all such operators. Moreover, 
since 

{{H - z)g, Uo.{- - z)-'e^)n = / (A - z)(({/-ig)(A), df]„(A)e^-)c"(A - z)-^ = 0, 

Jr 

g e P(i?), z e C\R, (7.39) 

by ( [7.37D , one infers that [/„(• - z)-iej e ^(i/*). Since V{H) is dense in H, one 
concludes 

keT{H{a)* -z) = {cj{--z)-^ej\cjeC,j^l,...,n}, 2 G C\R, (7.40) 

where 

H* ^Uo,H{ayU-\ (7.41) 

If {u+j e ker(7J* — J)}i<i<ra is not a generating basis for Ha then, in close 
analogy to Section |4| Ti (not necessarily assumed to be separable at this point) 
decomposes into two orthogonal subspaces Ti" and Ti"'^, 

n = n°(sn°-^, (7.42) 

with Ti" separable, each of which is a reducing subspace for all Ha, e^*" G [/(ri) 
and 

H" = linspan{(i7„ - z)-'^u+^j eH\z e C\M, j = l,...,n} 

is independent of a e U{n), (7.43) 

[Ha-z)-^ ^ {Hp -z)-^ on H"'^ for aU e^'°',e^"^ G U{n), z £ C+. (7.44) 
In particular, the part H'^'-^ of H in 7i°'-'- is then self-adjoint, 

H = H°®H°-^, Ha = H^®H°'^, e^'°'eU{n), (7.45) 



u+ = u%_ © 0, 
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(7.46) 
(7.47) 



with H^ a densely defined closed symmetric operator in TiP and deficiency indices 
{n,n). One then computes 



2;(u+j,U+,fc)-H + (1 + Z^){u+j,{Ha ~ Z) ^U+_fc) 



H 



^«,,, <,fc)H" + (1 + ^')«,,, {Hi - z)-^u%)no, 

e U{n) 



(7.48) 



J, fc = 1, 



^2iQ! 



and hence a-dependent spectral properties of Ha in Ti. are again effectively reduced 
to those of -ff" in 7i°, where i/° are self-adjoint operators with a generating basis 
{u'+.j G ker((i/°)* — i)}i<j<n- We shall call the densely defined closed symmetric 
operator H with deficiency indices (ti, n) prime if Ti*^'^ = {0} in (7.42). 

Next we show the model character of {Ha, H (a), Ha) following the approach 



outlined in Theorem 4.2 



Theorem 7.2. Let H be a densely defined closed prime symmetric operator with 
deficiency indices {n,n) and normalized deficiency vectors u±j € ker(i/* =F *); 
ll'"±.jll'H = 1, j = 1,. ■ ■ ,n in some separable complex Hilbert space Ti. Let Ha be 
a self-adjoint extension of H with generating orthonormal basis {u+j G ker(_ff * — 
i) \ j = 1, . . . ,n}. Then the pair {H,Ha) in TL is unitarily equivalent to the pair 
{H{a), Ha) in Ti defined in (7.37) and ( 7.33| ) with unitary operator Ua defined 
in (7.35) (cf. (7.38) and (7.34)J. Conversely, given a matrix-valued measure dfl 

(7.49) 



satisfying 



dn{X) 



= /„, 



(c, dn{x)c)c^^ 



/oraZZceC"\{0}, 



„ 1 + ^^ 
define the self-adjoint operator H of multiplication by X in Ti. ~ L'^{R;dn), 

{Hg){X) = Xg{X), I e V{H) = L\R; (1 + X^)dn) 
and the linear operator H in Ji, 

ViH)^{g_eViH)\Jiej,dn{X)giX))o.=0,j^l,...,n}, H 



(7.50) 



H 



V(H) 



(7.51) 



Then H is a densely defined closed symmetric operator in TL with deficiency indices 
(n, n) and deficiency subspaces 



ker(iJ* T i) = {cj{X T i) ^e,, \cj e C, j ^ I, . . . ,n} 



(7.52) 



Proof. Except for a few modifications one can follow the corresponding proof of 
Theorem |4.2| step by step. In particular, the first part goes through with the 
obvious changes indicated in (7.3C)-(7.48). Hence we briefly turn to the proof of 
the second part of Theorem |7.2| . Given (7.2)~( [7^ , the scale of Hilbert spaces is 
still defined by H2r = L'^{R; (1 + X'^Y'dfl), r £ R, Ho = Ti and one considers again 
the unitary operator R, 



R:H2^H-2, f^{l + X^)f. 



(7.53) 
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We note that C" C 7i-2- Again ^{H) is well-defined, and as a restriction of the 
self-adjoint operator H, H is clearly symmetric. By ( 7.55 ) and ( [7.51 ) one infers 



V{H) = 7^2 = V{H) 



■"H: 



R- 



(7.54) 



which allows one to prove that 'C>{H) is dense in Ti. as in the proof of Theorem 4.2, 
That H is a closed operator is also proved as in Section ^. Since H is self-adjoint, 
ra.n{H ~ z) = TC for all z £ C\R, and {H ± i) : 'H2 ^ Ti. is unitary. Together with 
( [7^ ) this yields 

n = {H± i)H2 = {H± i){V{H) ®ii^ R-^ 

= ran(i7 ± i) ®^ {c(A =F i)'^ | c e C} 

and hence ( [7.52| ). 

Introducing the Herglotz function 



= iH±z)ViH)®^{^c\ceC} 

(7.55) 



D 



M^iz) 



dna{X){{X - z)-'^ - A(l + A^)-!) 



(7.56) 
(7.57) 



= z/„ + (1 + z^){{u+j, {Ha - z) ^U+^k)n)^^j,,^„ 

(the last equality being a simple consequence of J^dila{X){l + A^)^^ = /„) one 
verifies, 

Mfj{z) = (-e"''^(sin(/3)cos(a) -cos(/3)sin(a))e'" 

-I- e-*'3(cos(/3) cos(a) + sin(/3) sin(a))e^"M„(z)) 

X (e"''^(cos(/3) cos(a) + sin(/3) sin(a))e*" 

+ e-'"3(sin(/3) cos(a) - cos(/3) sin(a))e*"M„(z))-\ 

exp{2ia),exp{2ij3) e U{n). 



(7.58) 



Since (7.58) does not seem to be a well-known result, we will provide its derivation, 
following ||58|, in Appendix H. A comparison of ( 7.58| ) and (6.40) suggests invoking 

(7.59) 



= e-*''(cos(/3) cos(q) + sin(/3) sin(a))e*". 



A(a,/3) = (A(a,/?),,fc)^<^.^.<„ G A2n, 
A(a,/3)i4 

A{a, /3)i,2 = e-*''(sin(/3) cos(a) - cos(/3) sin(a))e''" 
A(a, /3)2,i = e-*''(cos(/3) sin(a) - sin(/3) cos(a))e''" 
Aia, 13)2,2 = e-*''(cos(/3) cos(a) + sin(/3) sin(a))e*" 

exp(2iQ;),exp(2i/3) e [/(n 



Moreover, Theorem 3.6 apphes (with Ai,i{a,(3) — A2,2(a,/3) — e *'^(cos(/3) cos(a 



-Fsin(/3)sin(a))e*", Ai,2(a,/?) == -^24(0,/?) = e-*''(sin(/3) cos(a) - cos(/3) sin(a)) 
e'"). Since by definition, Ma{i) — iln, Lemma ^.3| yields lTii{Ma{z)) > for all 
z G C-I-. In fact. Lemma B.4 yields an explicit lower bound for Im(2:)Im(MQ(z)). 



Next, assuming that H is nonnegative, _ff > 0, we again intend to characterize 
the Friedrichs and Krein extensions, Hp and HK^ of H. In order to apply Krein's 
results [|00| (see also [§, pi, pl) in a shghtly different form (see, e.g., jlSTJ, 



Sect. 4 for an efficient summary of Krein's results most relevant in our context) we 
start with the analog of Theorem |4.3|. 
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Theorem 7.3. 

(i). Ha = Hf for some e^'" S U{n) if and only if for all R > 0, J^ d\\Ea{\)u+\\'^X 
= oo for alio ^ u+ E kcT{H*~i), or equivalently, if and only if Jn (c, dfla{X)c)c" ^^^ 
= 00 for allce C"\{0}. 
(a). Hfj — Hk for some e^**^ G U{n) if and only if for all R> 0, J^ d\\E/3{\)u+\^^ 



H 



A "'^ = oo for all 7^ U-(- € ker(_ff*— z), or equivalently, if and only if L (c, (iil^(A)c)c" 
X-^ = 00 for allce C"\{0}. 

(Hi). H^ = Hp = Hk for some e^*'*' G Uin) if and only if Jn d\\E.y{\)u^\\^X = 
00 = L d\\E~f{\)u^\\'j^X^^ for all R > and all 7^ m+ G kcr(iJ* — i), or equiv- 
alently, if and only if Jn {c,dfl~f{X)c)£nX^^ = J„ (c, rfr2-y(A)c)c" A^^ = 00 for all 
cGC"\{0}. 

Proof. A s in Section ^, in order to red uce the above statements (i)-(iii) to those 



in Krein [100| (as summarized in Skau [ |137| ), it suffices to notice that (/i + 1) ^ 
(a* - iy^ = 0{fj,-^) as /i t 00 and (^ + 1)-^ - (a^ - «)"^ = 0(1) as ^ i 0. D 



Of course (4.69)-(4.71) remain vahd in the present case of deficiency indices 

{n,n). 



Applying Theorem 7.3 to Ha then yields the analog of Theorem 4.4 (i)-(iii 



Theorem 7.4. ([^, ^, ^, [^). 

(i). Ha = Hp if and only i/limAj.-oo(c, Mq,(A)c)ci = —00 for all c Q C"\{0}. 

(a). Hp = Hk if and only if limA|o(c, M/3(A)c)c" — 00 for all c G C"\{0}. 

(Hi). H^ — Hp = Hk if and only if for all c G C"\{0},, limA4-oo(c, M^(A)c)c" = 

—00 andliin\^o{c,M^{X)c)c" =00. 

Since the proof parallels the corresponding one in Section ^ step by step we omit 
further details. 

If Ha and Hp are two distinct self-adjoint extensions of the symmetric operator 



H with deficiency indices {n,n), n > 2 considered in Theorem 7.2, then 'D{Ha) and 
'D(Hp) may have a nontrivial intersection, that is, 

V{Ha) n V{Hp) D V{H), e^'°',e^'^ G U{n), Ua 7^ Up. (7.60) 

Next, we characterize the case where the domain of a nonnegative self-adjoint ex- 
tension H of H has only trivial intersection with that of Hp or Hk. These results 



go beyond those in |10C| and appear to be new 



Theorem 7.5. Suppose H > is a nonnegative self-adjoint extension of a densely 
defined nonnegative closed operator H > with deficiency indices (n, n). We denote 
by E{X) th e fam ily of spectral projections of H and by dQ{X) the measure defined 



m (7.3C), (7.31). Then 



(i). V{H) n V{Hf) = V{H) if and only if for all R> 0, J^ d||S(A)M+|j^A < 00 

for all u-[_ G ker(7?* — i), or equivalently, if and only if Jn (c, dJ7(A)c)c" A"^ < 00 

forallceC^. 

(11). V{H)r\V{HK) = V{H) if and only if for all R>0, J^ d\\E{X)u+\\li^X-^ < 00 

for all U-i- G ker(_ff* — i), or equivalently, if and only if Jq {c, dn{X)c)c" X^^ < 00 
forallceC. 



46 GESZTESY AND TSEKANOVSKII 

(iii). V{H) n V{Hf) = V{H) = V{H) n V{Hk) if and only if for all R > 0, 
/„ (i||-B(A)?i+|||^A + /q d\\E{X)u+\\'^X^^ < oo for all u+ e ker(_ff* — i), or equiv- 
alently, if and only if L (c, dfl{X)c)c"X^^ < oo for all c G C". 

Proof. It is sufficient to prove item (i) since the remaining proofs offer no new 
details. We use the terminology introduced in Appendix ^ and identify Ai — H, 
A2^ Hp, Pi,2 = Pf, Ui ^UMi= Up, etc. First we suppose that V{Ji)r(D(Bp) = 
'D(H). Using von Neumann's parametrization of H and Hp in terms of the linear 
isometric isomorphisms Zi andUp from ker(iJ*— i) onto ker(_ff*+i), this assumption 
is equivalent to — 1 not being an eigenvalue of Up (the matrix representation of Up 
in the orthogonal bases of ker{H* =F i) as discussed in Appendix P). By ( B.23 ), 
this is equivalent to the existence of the inverse of Pp(i). In order to prove that 
Jpi (c, dri(A)c)c"A~^ < cxD for all c G C", it suffices to prove that the Herglotz 

matrix M(z) asso ciated with the measure d^{X) corresponding to H has a limit as 
z -^ — oo. Using ( |B.30| ), one computes 

M{z) - Rc{Pp{i)-^) = (2z/„ - Pp{-i)-^){Ppi-i)-^ - iln + Mp{z))-^Pp{-i)-\ 

(7.61) 

Here Mp{z) denotes the Herglotz matrix associated to Hp and we used the fact 
ReiPpii)-^) = iln + Ppiiy^ = -iln + Ppi-iy^. (7.62) 



Next, recalling Theorem 7.4 (i), we will invoke that 

lim (c, Mf(A)c)c" == -oo for aU c G C"\{0}. (7.63) 

A^ — oo 

Since (c, Mf^(A)c)p„ converges monotonically to zero pointwise for any c G {d G 
C" I ll^llc" = l}i the compact unit sphere in C", Dini's theorem yields in fact 
uniform convergence to zero. Consequently, 

Pp{~i)-^ - iln + Mp{X) < 7(A)/„, (7.64) 

for A sufficiently negative and some 7(A) with 7(A) J, —00 as A J, —00. In particular, 

{Pp{-i)-^ - iln + Mp{X))-'^ ^ as A i -00. (7.65) 



( [7.6l| ) and ( |7.65D then prove 

lim M(A) = ReiPp{i)-^). (7.66) 

AX — 00 

Conversely, we suppose /^(c, dJ7(A)c)c"A~^ < 00 for all c G C" or equivalcntly, 
limAx-00 M{X) — Af (— 00) exists. Similarly to ( |B.36| ), one derives 

Mpiz) - M(z) = (^/„ + M(z))(/„ + iPp{i) - Pp{i)M{z))-^Pp{i){^iIn + M{z)) 

(7.67) 

and hence 

((-^/„ + M(A))-ic, {Mp{X) - MiX))i~iIn + M{X)r^c)c^ 

- (c, (/„ + iPp{{) - Pp{i)M{X))-^Pp{i)c)c^ , A < 0, c G C"\{0}. (7.68) 

By ( 7.63[ ) and the existence of Aif(— 00), the left-hand side of (7.68) tends to —00 
as A I —00. Consequently, ker(Pp(«)) = {0}, that is, Pp{i) is invertible. By (B.23), 
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this is equivalent to —1 not being an eigenvalue of Up implying ^{H) D V{Hp) — 
V{H). U 



Theorem 7.5 then yields the following result. 

Theorem 7.6. Suppose H > is a nonnegative self-adjoint extension of a densely 
defined nonnegative closed operator H > with deficiency indices {n,n). We de- 
note by M{ z) th e corresponding Herglotz matrix associated with the measure dQ(X) 
defined in ( |7.30|) , ( 7.31 ). Then 

(i). V{H) n V{Hf) = V{H) if and only if limA^-oo |(c, M(A)c)c" | < oo for all 
ceC". ^ _ 

(a). V{H) n V{Hk) = V{H) if and only if limAto |(c, Af (A)c)c" | < oo for all 
ceC". ^ 

(m). V{H) (YD{Hf) ^ V{H) = VJH) n V{Hk) if and only if for all c £ C", 
limAx-co |(c,M(A)c)c..| +limATo |(c, M(A)c)c" | < oo. 



An analog of Theorem 4.4 (iv) can now be obtained as follows. 

Theorem 7.7. Let H > be a nonnegative self- adjoint extension of a densely 
defined nonnegative closed operator H > with deficiency indices {n,n). We de- 
note by M{z) the corresponding Herglotz matrix associated with the measure dQ(X) 
defined in ( [7.30[ ), (7.31) and identify Ai = H, A2 = Hp or Hk, Pi,2 = Pf or Pk, 
Ui —U, U2 =Up orUji, etc., in Appendix^. Then 
(i). IfV{H) n V{Hp) = V(H) then 



lim M(A) =Re(PF(i)"^) 

A4 — 00 

(a). IfV{H) n V{Hk) = V{H) then 



dn{X)\{i + \ 



2\-l 



(7.69) 



limM(A) = Re(PK(i)-i) == / dVL{X){X-^ - A(l + X^)-^). (7.70) 

(Hi). IfV{H) n V{Hp) = V{H) = V{H) n V{Hk) then 

dh{X)X-^ ^ Re(PK(i)-i - Pp{iy^). (7.71) 

Proof. Item (i) is clear from ( [7.56 ) and ( |7.66|) . Similarly, (ii) follows from ( [7.56 ) 
and 



limM(A) =Re(PA'(«)"^ 

ATO 



(7.72) 
D 



Finally, (iii) is obvious by taking the difference of (7.7C) and ( 7.69| ). 

Next, we turn to a realization theorem for Herglotz functions of the type (7.57). 
It will be convenient to introduce the following sets of Herglotz matrices, 

AA^''" = {M : C+ -> A^„(C) Herglotz | M{z) = J dn{X){{X - z)'^ ~ A(l + X^)-^), 

for all c e C"\{0}, I{c,dn{X)c)c^ = 00, !{c,dn{X)c)o^{l + A^)"^ < 00}, 

(7.73) 
A^o"^" = {M e AAq"^" I supp(a;*'-) C [0, 00), for all c G C"\{0}, 

7(c, dn{X)c)c'^X-^ = 00 for some R > 0}, (7.74) 

R 
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AT^^" = {M £ A^o"^" I supp(u;*'') C [0, oo), for all c e C"\{0}, 

l{c,dn{X)c)c^X-^ = oo for some R > 0}, (7.75) 



JKf^"^^ = {M e A^o"^" I supp(cj*'-) C [0, oo), for all c e C"\{0}, 

oo -R 

/ (c, dn{X)c)c'^X-^ = /(c, dl7(A)c)c" A-1 = oo for some R > 0} (7.76) 

fl 

= K,V'^KT- (7-77) 

ATg'^^'; = {M e AA^'^" I supp(cc;*'') C [0, oo), for all c e C", 

OO 

/ (c, dn{X)c)c^X^^ < oo for some R > 0}, (7.78) 

i?, 

KT^ = {A/ e A^o"''" I supp(w*'') C [0, oo), for all c e C", 

/(c, dn{X)c)c^X~^ < oo for some R > 0}, (7.79) 



K,f'^,k^ = {A/ e A^o"^" I supp(Lj*'^) C [0, oo), for all c e C", 

OO 

/ (c, dr!(A)c)c" A-i < oo} = Af^^^/1 n AAo*^^! . (7.80) 

The sets in (7.74)-( 7.79| ) are of course independent of _R > 0. The analog of 
Theorem 4.6 then reads as follows. 

Theorem J7.8. 

(i). Any M G Mq^^ can be realized in the form 

M(z)^z(||u+.,||^5,,fe)^^^.^.<„ (7.81) 

+ {1 + z^){{u+^j,{H ~ z)-^u+^k)-H)^^jj^^„, ze C+, 

where H denotes the self-adjoint extension of some densely defined closed symmetric 
operator H with deficiency indices {n,n) and deficiency subspace {w+,j G ker(iJ* — 
i)}i<j.k<n in some separable complex Hilbert space Ti. 
(a). Any Mptresp. k) G -^qf? k) '^^^ ^^ realized in the form 

Mpiresp. K){z) = ^(l|w+,il|^^j,fe)i<j-fe<„ (7.82) 

+ (1 + 2^) ((""+, {Hp(resp. K) - ^)~^"+)-H)i<j,fe<„' ^ ^ C+, 

where Hpi^i^sp. k) ^^ denotes the Friedrichs (respectively, Krein) extension of some 
densely defined closed operator H > with deficiency indices (n, n) and deficiency 
subspace {m+j G ker(i?* — i)}i<j^k<n *^ some separable complex Hilbert space Ti. 
(Hi). Any Mp^x G ^of\ can be realized in the form 

Mp,k{z) = ^(Ik+,,ll?i5,,fe)i<,-fe<„ (7.83) 

+ (1 + z^)((w+, {Hp,K - z)'^u+)^)^^.^^^^^, z e C+, 

where Hp^x > denotes the unique nonnegative self-adjoint extension of some 
densely defined closed operator H > with deficiency indices (n, n) and deficiency 
subspace {m+j G ker(iJ* — i)}i<j^k<n in some separable complex Hilbert space Ti. 
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(iv). Any M 



F^iresp. K^) ^ ^a^F^iresp. K^) ^"" ^^ realized in the form 



+ (1 + ^^)((m+, {HF±(resp. K^) " ^)~^"+)w) i<j,fc<„' ^ ^ '^+1 

where Hp±rresp. K^) ^ denotes a nonnegative self-adjoint extension of some 
densely defined closed operator H > with deficiency indices (n, n) and deficiency 
subspace {u+j € ker(iJ* — i)}i<j^k<n in some separable complex Hilbert space Ti 
such that V{Hp± n V{Hf) = X'(i7) (respectively, V{Hk^ n V{Hk) = 'D{H)). 
(v). Any Mp±j^± G ■^n^± lc± ^'^n be realized in the form 



M, 



F^,K 



-W = ^(h+jll?i^J,fc)l<,-;,<„ 



(7.85) 



+ {l + z^){{u+,iHF±j<±-z) ^u+)^)^ 



<j,k<n' 



Z£ C+, 



where Hp± ^± > denotes a nonnegative self-adjoint extension of some densely 
defined closed operator H > with deficiency indices (n, n) and deficiency subspace 
{u+j G ker(i/* — i)}i<j.k<n in some separable complex Hilbert space Ti such that 

v{Hf± n v{Hf) = v{H) = v{Hki- n v{Hk). 

In each case (i)-(v) one has 



dn{\){i + x^)-^ = {\\u+j\5,.k). 



^j,k<.n ' 



(7.86) 



where fl denotes the measure in the Herglotz representation of M(z). Moreover, H 
may be chosen prime and Ti separable. 



Proof. We use the notation established in Theorem 7.2. Define 



n+,,{\) = {)^ - i) ^e , j = l,...,n, 



(7.87) 



then 



\\u+^j\\\5j^k = (u+j,-u+,fc)-H 



(e^-,df)(A)efe)c"(l + A^) 
d%fc(A)(l + A')~i 



2\-l 



(7.; 



and 



z\\n+,j\\ii^j,k + (1 + z^)("+j, {H - z) ^u+^k)n 

= I (e,, dr2(A)efe)c"(z(l + X^Y' + (1 + z^){X - z)-\l + X'r') 

Js. 

= f rf%fc(A)((A - z)-i - A(l + A2)-1) = M,, fc(z) (7.. 



proves (7.81) and hence part (i). Parts (ii) and (iii) then follow in the same manner 
from Theorems 7.2 and 7.3. Similarly, parts (iv) and (v) follow from Theorems 7.2 
and ItII. D 



We also formulate the analog of Theorem 4.7. 
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Theorem 7.9. Suppose Mi e JVq^^ with corresponding measures Qi in the Her- 
glotz representation of M(, £ = 1,2, and Mi ^ M2. Then Mi and M2 can be 
realized as 



+ (1 + z')((u+j, (Hi - z)-V,fc)-H)i<,- fc<„, 



(7.90) 



1,2, zeC+, 



where Hi, £ — 1,2 are distinct self-adjoint extensions of one and the same densely 
defined closed symmetric operator H (which may be chosen prime) with deficiency 
indices {n,n) and deficiency subspace {u_(_ j}i<j fc<„ € ker(iJ* — i) in some com- 
plex Hubert space Ti. (which may be chosen separable) if and only if the following 
conditions hold: 



dni{X)a + A2)-i = / dQ^iXKl + X')-' - (h+..ll«'5,- fe) ,<„, (7.91) 

: Jr - - 

and for all z G C+, 
M2(z) = (- (||u+j||^(5j,fe)^<^.^<^e"'"^(sin(a2)cos(ai) -cos(a2)sin(ai))e*"i 



(II 



'+jllH''j,feJl<j,fe<, 



'(cos(a2)cos(ai) 



+ sin(a2)sm(ai))e'"i(||u+,,||^2^,-^)^^^^^^^^^(^)-) 



X e 



^(cos(a2)cos(ai) + sin(a2) sin(Q;i))e*"^ 



+ e *"=(sin(a2)cos(ai) - cos(a2) sm(ai))e''"i (||u+j||„^(5j,fe)^^^. j,^^^Mi(z)) , 

for some ag^a\(^ M„(C), £=1,2. (7.92) 



Proof. Assuming ( [7.9C| ), ( 7.91 ) follows from 

Mi{i)^t{\\u+jj^s,,k),^^,^,^^i f dn{X){i + x^)-\^ £-1,2, 

— J" — f-nri 



(7.93) 



and ( 7.92 ) is clear from ( 7.58 ) upon identifying ai — a, a2 — /3, (||w+j||-h^ 
SjM)i<3^k<nMi{z) = Ma(z), and (||u+j||^^(5j,fc)i<j,fe<nAf2(2) = Mp{z). (With- 
out loss of generality we may assume that {u+j}i<j<ri is a generating basis for Hi, 
£ — 1,2, since otherwise we may apply the reduction ( 7.48| ).) Conversely, assume 
(7.91) and (7.92). By Theorem |7.8| (i), we may realize Mi{z) as 

(ll"+jll?Y^'^J.fe)l<j-fe<„A^l(^) = Zin 



+ (1 + z^){\\u+^j\\^^Sj^k)i<jk^,X{u+,j, {Hi - z) ^u+^k))i 



^j-,k<.n ' 



(7.94) 



By (7.4S ) we may assume that {M+.j}i<j<n is a generating basis for Hi and identify 
Hi with Ha defined in (7.29). If Hp is another self-adjoint extension of H defined 
as in ( 7.29| ), distinct from Ha, introduce 

Mfsiz) = zin + (1 + z^){\\u+J^^Sj,k),^^ ^^Jiu+,j,iHp - z)-'u+.k))^^^ ^^^. 

(7.95) 



By ( |7.5S| ) one obtains {Ma{z) = (||u+j||^ Sj^k)i<j,k<nMi{z)), 
Mfi{z) = ( - e-''\s\n{l3) cos(a) - cos(/3) sin(a))e'" 



-10 



X e 



-ip 



(cos(/3)cos(a)-Fsin(/3)sin(a))e'"(||u+j||.„2^j-^^^^^_^^^^j^(^)^ 
(cos(/3) cos(a) + sin(/3) sin(a))e'" 



(7.96) 
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+ e ■"'(sin(/3)cos(a) 



cos(/3)sin(a))e'"(||u+,,||„2<5,,fe)^<^.,<„Mi(z))- 



A comparison of ( 7.92 ) and ( 7.96 ) then yields {\\u+j\\^Sj^k)i<j.k<nMj3{z) — M2{z), 
a = ai, and (3 = a2, completing the proof. D 



Clearly Remark 4.8 applies in the present matrix-valued context. 
For different types of realization theorems in the context of conservative systems, 
see, for instance, Q-Q, |l4|, and p45|. 

Finally we briefly turn to Hamiltonian systems on a half-line following Hinton 
and Shaw [0-|8O| (see also ||7j, [^, @). These systems describe matrix-valued 
Schrodinger and Dir ac-t ype differential and difference operators (see, e.g., [£2|, p6| ; 
ii, 0, [H, and [^). Let A,B e Li([0, i?])2">^2n ^j. ^^ ^ > q^ ^^^j) = A{x)* , 
B{x) — B{x)* for a.e. a; > 0. Moreover, suppose that for some 1 < r < n, 
A{x) = C^^^^'o), W e L\[0,R]y'- for aU R > 0, W{x) > for a.e. a; > 0. 
For '(/'(z,-) G AC([0, i?])^" for all i? > 0, z G C, consider the formally symmetric 
Hamiltonian system 

J2nfp'{z, x) — {zA{x) + B{x))4>{z, x), X > Q 

and suppose Atkinson's definiteness condition 

dx{ip{z, x), A{x)iIj{z, x))c2n > for all < a < & < oo 



(7.97) 



(7.98) 



whenever ^ satisfies y^ f{z, x) G AC{[0, i?])^" for all i? > and ( [7.971 ). Introduce 
for < c < d < oo, 

L\{{c,d)) = {/ : (c,d) ^ C^" measurable] 



f dx{l{x),A{x)l[x)\ 

J c 



and for ccq > 0, 

N{z, 0) = {/ G L\{{Q, x^)) I J2nf = {zA + B)f_ a.e. on (0, xq)}, 
iV(z, oo) = {/ G L^((a;o, oo)) | J2„/' = (zA + B)f a.e. on (xo, oo)}. 



< oo} 
(7.99) 

(7.100) 
(7.101) 



Then (7.97) is defined to be in the limit point (respectively, limit circle) case at 
e G {c, d} if dimc(A^(z±, e)) — n (respectively, dimc(-/V(z±, e)) = 2n) for some (and 
hence for all) z+ G C+ and z_ G C_. There are of course also intermediate cases 
between the limit point and limit circle case but we omit such considerations for 
simplicity. For more details in this connection see, for instance, pOi and |122|. 

Next, consider ap,f3p G M„(C), p ~ 1,2, satisfying rank(a) — rank(/3) — n, 
where a = (ai, 02), (3 = (/3i, (32) are 2n x n matrices over C, and 



aial + a2a*2 = /„ = /3i/3i + /32/32, oiia^ = a2al, /3i/32 = PiPi- 



(7.102) 



Let ^q(z, x) G Ahm z G C be a fundamental system of solutions of ( 7.97 ) satisfying 



*a(^,0) 

and partition \1'q(z, x) into n x n blocks, 
*q(z, x) = 



zgC 



da,liz,x) 
9a.2{z,x) 



ba.l{z,x) 
ba.2{z,x) 



(7.103) 



(7.104) 
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Then ^Q,(z,a;) is entire in z e C and one defines 

Mc.,p,r{z) = -{Ma,i{z, R) + McAz, i?))-i(/3i0„,i(z, R) + p^e^Az. R))- 

(7.105) 

Ma^f3.R{z) is the Weyl-Titchmarsh matrix corresponding to the boundary value 
problem 

J2n^{z, x) = (zA{x) + B{x))ij_{z, x), < X < R, (7.106) 

a^p_{z, 0) = 0, I3ij_{z, R) = 0. 

As shown in detail by Hinton and Shaw ^, iQ, ^, 

lira Ma,f3.R{z) = Maiz), z G C\R (7.107) 

R'loo 



exists and is independent of (3 if and only if (7.97) is in the limit point case at 
oo. In the limit circle case at oo, uniqueness and independence of (3 is lost and 
we denote by Ma{z) a parametrization of all possible limit points of Ma^p,R{z) as 
R t 00. Ma{z) (respectively, Ma{z)) are matrix- valued Herglotz functions with 
representations 

M„(z) = C„ + / dr!„(A)((A - z)-i - A(l + A2)-1), C^ = C*^ (7.108) 

and one verifies 

(0a,p(z,-) + 0a,p(^,-)^^a(2))eL^((O,oo)), p=l,2, zeC\M. (7.109) 

Moreover, 

Ma{z) = (-a2 + aiM{z)){ai + a2M{z))-\ (7.110) 

where M{z) — M(^i^x)){z)- Analogous relationships hold for Ma{z) in the limit 
circle case at oo. A comparison of (7.110) and (3.40) suggests the introduction of 

In particular. Theorem |6.6| applies (with Ai.i(a) — ^2,2(0^) — c^i, ^1,2 (ct) = 
-A2,i(a) = 02). 
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for communicating Lemma 5.3 to us. 



Appendix A. Examples of Scalar Herglotz Functions 

For convenience of the reader we collect some standard examples of scalar Her- 
glotz functions and their explicit representations (cf. ||ll[, |2^, Ch. V, |4^, Ch. II, 



48|, Ch. 2). 



In the following we denote Lebesgue measure on R by d\ and a pure point 
measure supported at a; G R with mass one by /i{x}, 

supp(^{^}) = {a;}, /X{^}({a;}) = 1. (A.l) 

We start with very simple examples and progressively discuss more sophisticated 
ones. 
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c + id = c + diT-^ I dX ((A - z)-^ ~ A(l + A^)-!), c e M, d > 0. (A.2) 

Jr 

ln{id) = In(rf) + (i7r/2) = In(rf) + 2"^ f dX ((A - z)-^ - A(l + A^)"!), (A.3) 

Jr 

d>0. 

c + dz, cGM, rf>0. (A.4) 



^-1 



-z 



d^no}WiX-zr\ (A.5) 





-1 \/i I \2\-i\ 



Hz)= dX{{X-z)-'-X{l + X')-'), (A.6) 

ln(-z-i)= / rfA((A-z)-i-A(l + A2)-i), (A.7) 



^0 

where In(-) denotes the principal value of the logarithm (i.e., with cut along (— oo, 0] 
and ln(A) > for A > 0). 

z^ = exp(r ln(z)) 



= cos(r7r/2) + TT"' sin(r7r) / rfA |Ar'((A - z)"' - A(l + A^)"'), (A.8) 

J — OO 

0<r < 1, 

—z^^ = — cxp(— rln(z)) 

/■" 

= - cos(r7r/2) + tt^^ sin(r7r) / dX \X\-''{{X - z)-^ - A(l + X^y^), (A.9) 

J — OO 

0< r < 1. 

tan(z) = ^(((n + i)7r - z)-^ - {n + i)^(l + (n + i) V)-i) 

nez 

= / dujiX) ((A - z)-^ - A(l + A^)-!), (A.IO) 

nez ^ 

- cot(z) = ^((n-TT - zy^ - n7r(l + n^ir'^y^) 

nez 

= f dco(A) ((A - z)-i - A(l + A2)-1), (A.12) 

Jr 

w = ^^{„^}. (A.13) 

nGZ 

The psi or digamma function, 

^(z) - r'(z)/r(z) = c+J2 ((-" - ^)'' + '^(i + ^')"') 
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da;(A)((A-z)-i-A(l + A2)-i), 



(A.14) 



uj=Y.H-n}. C = -7+ ^((n + l)-i-n(l + n2)-i). (A.15) 

neNo neNo 



Here V{z) denotes the gamma function, 7 = —^"(1) 
(cf. 0, Ch. 6), and No ^ NU {0}. 



.572 . . . Euler's constant 



A2 



In 



z — Ai 

-z - A2 
z — \l 



= 1 + (A2-Ai) / dM{Ai}(A)(A-z)-\ Ai<A2, (A.16) 

•A2 

d\{\-z)-^, Ai<A2. (A.17) 



Next we turn to Weyl-Titchmarsh m- functions ??ia(a)(^) associated with the op- 
erator Ha in i^([0, 00); dx) defined by 

{Hag){x) = -g"{x), a; > 0, 

r>(iJa) = {g e L^ {[0, 00); dx)\g,g' £ AC{[0,R]) for aU i? > ; (A.18) 

- g" e L2([0, CX3); rfa;); sin(a)g'(0+) + cos(a)g(0+) = 0}, ae (0, n). 

These are Herglotz functions of the type 

, , — sinfa) + cosfaliz"'-' ^ , , /" , ,,-,,. si /» ,„n 

m,(„)(z) = //, . ,\: ,,, = cot(a) + / dcJa(a)(A) (A - z)-\ (A.19) 

cos(a) + sm(a)iz-^'^ Jr 



'^aCa)!-^) 



'0, A < 0, (7r/2) < a < TT 

-2^, -00 < A < -cot2(a), < « < (7r/2) 

0, - cot2(a) <A<0, 0<a< (7r/2) 

fAi/2,A>0, a-(V2) 
k7ii^(^'^' -cot(a)arctan(^)), A > 0, a G (0,^)\W2}, 



where (cf. (|1|) and (p^ ) 
a(a) = 
Similarly, 



cos(a) sin(a) 
— sin(a) cos(a) 



e A2 



(A.20) 



(A.21) 



TO, 



a(0) 



.1/2 



-2-1/2 ^TT-i I dAAi/2((A-z)-i-A(l-fA2)-i) (A.22) 



corresponds to the rema ining self-adjoint (Fricdrichs) boundary condition a = 0, 
that is, to 5(0+) = in ( |A.18|) . 

Finally we describe a class of Herglotz functions fundamental in Floquet theory 
of periodic Schrodinger operators on M. Consider a sequence {A„}„gNo <^ H^i 



= Aq < Ai < A2 < A3 < A4 < 



such that asymptotically 



A2n, A2n-1 



(mrf + Oil). 



(A.23) 
(A.24) 
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Define an entire function A(z) sucli tliat 



and fience, 



At\ 1 i-^0 - Z ) YJ (^4,1-1 - Z )(A4„ - Z ) f \ r,r\ 

AW - 1 = ^^ 11 J^^, , (A.25) 



Aizf - 1 = (Ao - Z-) n ^'^"-^ 7'\^^" ' "'^ (A.27) 

riGN ^ ' 



Moreover, define 



f" A'(0 



where tlie square root branch in ( A. 28 ) is chosen to be positive on the interval 
(0,Ay^). Then 

cos(6'(z)) = A(z) (A.29) 



and, as shown in 113 , Sect. 3.4, 6* is a Herglotz function with a representation of 
the type 

e{z)^c + z + n-^ f dXIm{e{\){{\ - z)-^ - X{1 + X^)-^) (A.30) 



for some c € M. In the case where the sequence {A„}„gNo represents the periodic 
and antiperiodic eigenvalues associated with a Schrodinger operator H — —-^ +q, 
with q G LJq^(R) real-valued and of period one, A(z) represents the corresponding 
Floquet discriminant and 9{z) the Floquet (Bloch) momentum associated with H . 
In this case one verifies (see, e.g., [g6[, p^) 

i r^ 
0{z)^- dxG{z^,x,x)-\ zeC+, (A.31) 

2 Jo 

with G(C, X, y) = [H — C)~^(x, y) the Green's function of H . 

Analogous observations apply to one-dimensional Dirac-type operators. 

Appendix B. Krein's Formula and Linear Fractional 

Transformations 



The main purpose of this appendix is to provide a proof of ( 7.58| ) (cf. Theo- 
rem B.6) following its derivation in [ p8[ . Our method of proof is based on Krein's 
formula, which describes the resolvent difference of two self-adjoint extensions Ai 
and A2 of a densely defined closed symmetric linear operator A with deficiency 
indices {n,n)^ n S N. (Reference |Q treats this topic in the general case where 
n E N U {00}. Here we specialize to the case n < 00.) Since the latter formula is 
interesting in its own right we start with the basic setup following ||3[ . 

Let 7Y be a complex separable Hilbert space, A : ^{A) — > H, 'D{A) —Ha 
densely defined closed symmetric linear operator in Ti with finite and equal defi- 
ciency indices def(^) = {r,r), r G N. Let Ag, £ = 1,2, be two distinct self-adjoint 
extensions of ^ and denote by A the maximal common part of Ai and A2, that is, A 
is the largest closed extension of A with V^A) = V^Ai) n 15(^2). Let < p < r - 1 
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be the maximal number of elements in I'(A) = 'D{Ai)n'D{A2) which are linearly in- 
dependent modulo T>{A). Then A has deficiency indices def(A) — {n,n), n — r — p. 
Next, denote by kcr{A* — z), z E C\M the deficiency subspaces of A and define 

Ui,z,zo ^I+{z- zo){Ai - z)-^ = (Ai - zq)(Ai - z)-\ z, zq E p{Ai), (B.l) 

where / denotes the identity operator in H and p{T) abbreviates the resolvent set 
of T. One verifies 

1^1,^0,^1 t^i,zi, 22 = Ui^zo,z2, zo,zi,Z2 e p{Ai) (B.2) 

and 

Ui^z^zo kcr(A* - ^o) = kcr(A* - z). (B.3) 

Let {uj{i)}i<j<n be an orthonormal basis for ker(yl* — i) and define 

uij{z) = Ui^z,tUj{i), l<j<n, ze p{Ai). (B.4) 

Then {Mij(^)}i<j<n is a basis for ker(^* — z), z £ p{Ai) and since C/i,-i,i — 
{Ai —i)[Ai +i)~'^ is the unitary Cayley transform of Ai, {mij(— i)}i<j<n is in fact 
an orthonormal basis for ker(j4* + i). 

The basic result on Krein's formula, as presented by Akhiezer and Glazman S, 
Sect. 84, then reads as follows. 

Theorem B.l. (Krein's formula, |||, Sect. 84) 

There exists a Pi^2{z) = {Pi,2,j,kiz))i<j,k<n G Mn{C), z G p{A2) (1 p{Ai) , such that 

det(Pi,2(z)) 7^ 0, z e p{A2) n p{Ai), (B.5) 

PiA^y^ == -Pi,2(zo)"^ - {z~ zo)(uij(z),ui,fc(zo)), z,zq e p(Ai), (B.6) 

Im(Pi,2«-i) = -/„, (B.7) 

n 

{A2 - z)-^ = {Ai - z)-^ + Y^ Pi,2j,fc(z)(ui,fc(z),-)ui,jW, ze piA2)np{Ai). 

(B.8) 

We note that Pi,2(-z)^^ extends by continuity from z e ^(^2) H p{Ai) to all of 
piAi) since the ri ght-h and side of (]B.6D is continuous for z g p{Ai). The normal- 



ization condition ( B.7 ) is not mentioned in but it trivially follows from (B.d) 
and the fact 

{uj{i),Uk{i))^5j,k, l<j,k<n (B.9) 

(where 6j^k denotes Kronecker's symbol) and from 

PiA^) = Pi.2{z). z e p(Ai) n piA2). (B.io) 



Taking z = zq in (B^) shows that — ^1,2(2) ^ and hence Pi, 2 (2^) is a matrix- valued 
Herglotz function, that is, 

Im(Pi,2(z)) >0, zeC+. (B.ll) 



Strict positive definiteness in (B.ll) follows from the fact that {uijt(z)}i<fc<„ are 
linearly independent for z G C+ and hence ((uij(z),ui,fe(z))i<j_fc<n > 0. 

Krein's formula has been used in a great variety of problems in mathematical 
physics as can be seen from the extensive number of references provided, for in- 
stance, in B. (A complete bibliography on Krein's formula is impossible in this 
context.) 
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Next we describe the connection between Pi^ziz) and von Neumann's parametriza- 
tion of self-adjoint extensions of A. Due to (B.6), Pi, 2(2)"^ is determined for all 
z e p{Ai) in terms of Pi,2(i)"\ (^1 - z)~^ and {uj(i)}i<j<„, 

^1.2(2:)"^ = PiA^y^ ^ (^ - «)-^" - (1 + ^^)iuj{i), {Ai - z)-'^Uk{i))i<j,k<n), 

zep{Ai). (B.12) 

Hence it suffices to focus on 

Pl,2(*)"'=Re(Pi,2(l)"')-l/n. (B.13) 

Let 

Ui-.'keTiA* -i)->kcT{A* +i), ^=1,2, (B.14) 

be the linear isometric isomorphisms that parameterize Ai according to von Neu- 
mann's formula 

Aiif + (/ + Ue)u+) = Af + i{I - Ui)u+, (B.15) 

V{At) = {{g + (/ + Ui)u+) e V{A*) I g e V{A), u+ e ker(A* - i)}, £=1,2. 

Denote by Ui = {Uij_k)i<j,k<n G Mn{C), (, = \,2 the unitary matrix representa- 
tion oihii with respect to the bases {uj(*)}i<j<Ti and {ui.j(~j)}i<j<n of ker(A* —i) 
and ker(A* -|- i) respectively, that is, 

n 

Uiujii) = Y, Ue,k,jui,k{-i), 1< j<n, i= 1,2. (B.16) 

k=l 

Lemma B.2. 

(i). Ui = -/„. 

(it). {ui.j{-i) + J2l=iUe,j.kUk{i))eV{Ae), l<j<n, £=1,2, and 

n 

{Ae - z)(Mij(-i) + Y, Ui,].kUk{i)) = -2mij(-i), l<j<n, £=1,2. (B.17) 
fc=i 

Proo/. (i). Since uij{-i) - Uj{i) = -2i{Ai + iy-Uj{i) e X'(yli), 1 < j < n by 
(B.l) and (B^), one infers 

uij{—i) — Uj{i) — Cj{I +Ui)u+j, l<j<n (B.18) 

for some u+j € ker(74* — i) and Cj G C. Since 'D{A*) decomposes into the direct 
sum V{A*) = V{A)+ kcr(A* - i)-hker(A* -h z), one infers 

CjU^j = —Uj{i), CjUiu^j = —UiUj{i) = uij(— i), (B.19) 

and hence Ui = —In- 

(ii). Using (B.16) one computes 

n n n 

Ui'YUi,j,kUk{i) = X! X! UijMUi,mMUi,ni{-'^) = '"ij(-i), 1 < j < n, (B.20) 

fc=l fe=lm=l 

utilizing unitarity of Ui, i — 1,2. Hence, 

n n 

"i.j(-*) + 5I^^"fe(*) = (^ +^«)(II f^"fe(*)) e 2?(^£), (B.21) 

fe=i fc=i 
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and thus (B.17) follows from 

n n 

(Ai - i){ui,j{-i) + ^^Uij^kUk{i)) = {A* - i){uij{-i) + y^^Uej,kUk(i)) 

~ —2iuij{—i). 



fc=i 



k=l 



This yields the desired connection between Pi,2(«) and Ue, £=1,2. 
Corollary B.3. 



(B.22) 
D 



(B.23) 



Proof. By ( |B.17l) , (|B.8D , and (|B.9D , 

71 n 

{{A2 - i)"^ - (Ai - i)-i)wij(-i) = ^ ^i6j,k + U2,j,k)uk{i) = ^ A,2,fcj(J)wfe(J)- 

fc=i fc=i 

(B.24) 

Unitarity of f72 and linear independence of the Uk{i) then complete the proof of 

(Hi)- □ 

Finally, we turn to our main goal, the Weyl-Titchniarsh M-matrices Mi{z) and 
M2(z) associated with Ai and A2. Define (cf. |||, [|8), | |lO^ ) 

Me{z) = z/„ + (1 + z2)(K(i), {Ae - z)-\k{i))i<j,k<n), z e p{Ai), £ = 1, 2. 

(B.25) 

Mi(z) as defined in ( B.25| ) are known to be matrix- valued Herglotz functions. 
More precisely, one can prove 

Lemma B.4. Bq] Assume A\ to he a self-adjoint extension of A. Then the Weyl- 
Titchmarsh matrix Mi{z) is analytic for z S C\M and 

Im(z)Im(Afi(z)) > (max(l, |zp) + |Re(z)|)-\ z £ C\M. (B.26) 

In particular, Mi{z) is an n x n matrix-valued Herglotz function. 



Proof. Using (B.25), an explicit computation yields 
Im(z)Im(Mi(z)) (B.27) 

= ((u,(*), (/ + Aiy/'iiA, - Reiz)f + ilmiz)fr\l + A?)V2^,(^))) ^^^^^^^. 

Next we note that for z E C\R, 

1 + A^ , 1 



> 



Ae 



(B.28) 



(A - Re(z))2 + (Im(2))2 " max(l, \z\^) + |Re(z)| ^ 

Since by the Rayleigh-Ritz technique, projection onto a subspace contained in the 
domain of a self-adjoint operator bounded from below can only raise the lowerbound 
of the spectrum (cf. ||l2|l. Sect. XIII.l), ( |B.27] ) and 0.28D prove ( |B.26| ). D 

Combining ( |B.12| ), ( |B.13D , and ( |B.25D for i = 1 yields 

Pi,2(2)"' -Re((Fi,2(i)~')-Mi(z). (B.29) 

One infers the following result relating Mi{z) and A'hiz). 
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Theorem B.5. |5| 

M2{z) = (Pl.2(^) + (/„ + iPi,2W)Mi(z))((/„ + iPi,2ii)) ~ Pi,2ii)Mi{z)y' 

(B.30) 

= e-^"^(cos(a2) +sm(a2)Mi(z))(sin(a2) - cos(a2)A^l(z))"^e''"^ (B.31) 

where a^ G M„(C) denotes a self-adjoint matrix related to U2 by U2 = e^*"^. 

Proof. Using 

{uj{i),Uk{i)) = 5j^k, 

{uj{i),ui^k{z)) = Sj^k + {z-i){uj{i),{Ai - z)"^Ufe(z)), 

{uij{z),Uk{i)) = Sj^k + {z + i){uj{i),{Ai - z)"^Ufe(i)), 



(B.32) 
(B.33) 
(B.34) 



and Krein's formula (B^), one infers 
M2j,fc(z) = zSj^k + (1 + z^){uj{i), {A2 - z)-^Uk{i)) 
= zSj.k + (1 + z^){uj(i), {Ai - z)-^Uk{i)) 

n 

n 

= Afij,fe(z) + XI ((^ + ^')^3-^ + (1 + ^^)K(»), (^1 - zy^usii)) 

X {PiA^y^ -{z- i)In - (1 + Z^)((Up(i), {Ai - z)-^Uq{i))i<p^q<n))~} 

X ((z - i)5t,k + (1 + 2')K(i), (Ai - z)-^uk{i))). (B.35) 

Hence, 

Af2(z) = Mi(z) + (z/„ + Mi(z))(Pi,2(z)-i + z/„ - Mi(z))-i(-z/„ + Mi(z)), 

(B.36) 

which easily reduces to ( B.30|) . Equation ( B.31 ) then follows from ( B.25| ) and the 
elementary trigonometric identity 

Re {Pi^ii)-^) = tan(a2), U2 = e^'"^ (B.37) 

D 



Equation ( B.31 ) is connected with the pair {U2,Ui) = (e ^"^,— /„). If one is 
interested in a general pair of self-adjoint extensions (Aq, Ap) of A, associated with 
{Ua,Up), one proceeds as follows: 

Theorem B.6. H Let U^ = e'^'°',U(i = e^*'^ G M„(C) &e i/ie matria; representa- 
tions of the operators Ua, Up associated with two self-adjoint extensions Aa^Ap of 
A with respect to the basis {uj{i)}i<j<n 0/ ker(v4* — i) and any (not necessarily 
orthogonal) basis {vj}i<:j<n o/ker(A*+i). Then 

Mpiz) = {~e-"'^{sm{P)cos{a) - cos(/3) sin(a))e*" 

+ e-''^(cos(/3) cos(a) + sin(/3) sin(a))e*"M„(z)) 

X (e^*''(cos(/3)cos(a) +sin(/3)sin(a))e*" 

+ e-"^{sm{P) cos(a) - cos(/3) sin(a))e*"Af„(z))-^ (B.38) 
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Proof. We start by proving (B.38) with respect to the orthogonal bases {uj {i)}i<j<n 
and {ui,j{—i)}i<j<n applying Theorem |B.5| . Assuming that the pairs (Aa, Ai) and 
{Af3,Ai) are relatively prime, one infers from (B.31), 

e-'"(cos(a) + sin(a)Mi(z))(sin(a) - cos{a)Mi{z))-^e'°', 



M^z) 

Mp{z)^e~'f{cos{(3) + sm{/3)Mi{z)){sm{(3)-cos{f3)Mi{z))~^e"^, 



(B.39) 
(B.40) 



Computing Mi{z) (corresponding to Ai and Ui = —In) from ( B.39| ) yields 

Mi{z) = -e'"(cos(a) - sin(a)Ma(z))(sin(a) + cos{a)Ma{z)y^e~'°' . (B.41) 

Insertion of (B.41) into ( B.40| ) then proves ( B.38| ). Inspection of the eight trigono- 
metric terms in ( B.3^ ) shows that they are of the type (ci/„ + C2Ua )(c3/„ + C4C/q) 
with c„i E {±l/4,±i/4}, 1 < to < 4. That is, they are matrix representations of 
Fa,f) '■= i~ciUi^ + C2Up^){—czUi + c^Ua)- But Fa,fi map ker(^* — i) into itself, 
and hence matrix representations of -Fa,/3 are independent of the basis chosen in 
ker(A*+z). D 



The material of this appendix in the general case where def(j4) — (n,n), n e 
N U {oo}, is considered in detail in |58| . 

Since the boundary values lim£|o Ma{X + ie), X E R, contain spectral information 
on the self-adjoint extension Aa of A, relationships of the type (B.38) entail impor- 
tant connections between the spectra of Aa and Ap. In particular, the well-known 
unitary equivalence of the absolutely continuous parts Aa,ac and Ap^ac of Aa and 
Ap can be inferred from (B.38) as discussed in detail in Section M. 

We conclude with a simple illustration. 
Example B. 7. Ti = L'^{{0,oo)]dx), 

V{A) ^{gE L\{0, ^)-dx) \g,g' E Aaoc((0, oo)), 5(0+) - g'(0+) = 0}, 

A* = -^ 

V{A*) = {g E i2((0, ^)-dx) \g,g' E ^Cioc((0, ex.)), g" E L^{{0, ex.); dx)}, 



A,=Af = -^, V{A,) = {g E ViA*) I g{0+) = 0}, 



Ao = 



dx^ ' 



ViA^) - {g E V{A*) I .g'(0+) + 2-i/2(i _ tan(a2)).g(0+) - 0}, 

a2e[0,^)\{7r/2}. 



where Ap denotes the Friedrichs extension of A (corresponding to 02 — ti'/Z). One 
verifies, 



ker(A*-z) = {ce*^^,ceC}, Im(V^)>0, zeC\[0,oo), 
def(yl) = (l,l), Ml(i,a;) = 2l/4e*^^ ui,i(-z, x) = 21/^6*^^^ 
{A2 - z)-' - (A, - z)-i - (2-1/2(1 _ tan(a2)) + iV^r'i^^, ■ )e*^-, 

z E p{A2), Im(Vz) > 0, 



C/i = -1, U2 = e' 
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^1,2(2) = -(1 -tan(a2) +«V2z) \ z G ^(yla), Pi,2{i) ^ = tan(a2) - i, 



sin(a2) — cos(a2)(«v22+ 1) 

The Krein extension A2 = A^ of A corresponds to tan(Q!2) = 1 a-nd hence 
coincides with the Neumann extension Ajv of A (characterized by the boundary 
condition g'{0+) ~ 0). 
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